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The general context

Several applications manipulate data that change dynamically over time, and only a small change in the
data may trigger the re-computation of the whole output. However, it is often the case that only a small
part of the output is affected by a change in the application data. That raises an interesting question: could
we reuse parts of previous computations in order to increase the performance of software applications? The
aim of incremental computation is to reuse the results of earlier runs in order to recompute only those
outputs that depend on data that has changed, avoiding recomputation of data that is not affected by the
changes [I]. We refer to the process of updating the parts of the output that depends on data that have
changed as change propagation. Incremental computation may be explicit or implicit. In the former the
programmer should explicitly write code that performs change propagation, while in the latter no manual
effort is required from the programmer. The original program can be compiled into a self-adjusting program,
i.e. a program that can propagate changes from the inputs to the output, without recomputing the parts of
the result that remain the same.

The research problem

Various techniques have been proposed in order to derive software that responds automatically and efficiently
to changing data, including static and static and dynamic dependency graphs|6, [I8, 2] and function call
memoization[I5], [10], in which change propagation may perform asymptotically faster than recomputing
the output from scratch. However, in all previous work on incremental computation, the programmer
must reason manually about the complexity of an incremental run, by analysis of the cost semantics of
program. Costlt is a higher-order functional language equipped with a refinement type system that allows
the programmer to prove upper bounds for the cost of change propagation. That is made possible using
index refinement types, in the style of DML [I7], and type annotations that allows tracking which part of
the data may or may not change after an update.

Contribution

This internship focuses on proving the soundness of the type system with respect to a concrete semantics
of change propagation. More specifically, we prove that the cost incurred by the type system is a sound
approximation, i.e. an upper bound, on the cost of propagating changes in a program after a change in its
inputs. We propose a translation scheme that given a source program written in Costlt [5] transforms it
to a self-adjusting program written in a target language that provides support for change propagation. To
this end, we enrich an ML-like language with new primitives and a modified runtime in order to facilitate
change propagation. Our target language, referred to as saML, allows us to propagate changes in programs
by reusing parts of the data computed in the first run and only recomputing and updating in place data
that may have changed. During the first run we record the components that may have changed along with a
closure that computes their updated value. In each incremental run it suffices to only execute the recorded
closures and update the changeable components.



Arguments supporting the validity of our approach

We prove that our translation is type preserving, i.e. that the translated program is well-typed in the
target language and that its type coincides with the translation of the source type into a target type.
Furthermore, we prove the correctness of our translation by proving contextual equivalence between a from-
scratch execution in the source and a from-scratch execution in the target language. Similarly, we prove
that our change propagation mechanism is sound by proving contextual equivalence between an incremental
run in the target language and a from-scratch execution of the same program in the source language. More
importantly, we prove that the cost incurred by the type system soundly approximates the cost of an
incremental run of the self-adjusting saML program. That establishes the soundness of the type system. H
In order to show the correctness of the translation we construct a step-indexed Kripke relational model, a
powerful proof technique with well-studied applications in proving program equivalence and correctness of
program transformations [3] 7], [16].

Summary and future work

The main contribution of this internship is the soundness proof of Costlt, a novel proof system that allows
to prove upper bounds on the complexity of change propagation. This is done by translating a Costlt
program to a self-adjusting ML program and proving that the cost incurred by the type system is a sound
approximation of the actual change propagation cost.

There is ongoing work, by Ezgi Cicek and Deepak Garg, towards the implementation of the type system
using bidirectional type checking, a combination of type inference and type checking that reduces the amount
of type annotations that the programmer has to write. The domain of constraints is intractable and thus
we cannot expect fully automated verification. With this in mind, it is worth exploring the possibility of
building a semi-automatic interactive prover using a combination of automatic and manual techniques, such
as constraint solvers and interactive provers, as in Why3.

Another possible future direction, inspired by recent work by Hammer et al. [9], would be to modify
Costlt’s static and dynamic semantics in order to model demand-driven incremental computation. Unlike
traditional incremental computation, demand-driven incremental computation defers the re-computation
of a result until the result is used, allowing for even better speedups over full re-evaluation. Similar to
traditional change propagation, no formal system that supports reasoning about demand-driven change
propagation cost has been proposed up to now.
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1 Introduction

Costlt is a functional language equipped with a type system that is expressive enough to facilitate reasoning
about the dynamic stability of programs [0], i.e. the time requires to propagate changes from the inputs
to the output of a program. This is made possible by treating dynamic stability as an effect in the type
system [I3]. Furthermore, the cost of change propagation can depend on attributes of the input, such as
the length of a list. In order to track such attributes of program inputs the type system is equipped with
index refinement types, in the style of DML [17] or DFuzz [§].

Unlike the previous version of Costlt [5], that disallowed control flow changes between the initial and a
subsequent run by enforcing that control flow does not depend on data that may change, in this work we
consider an extension of Costlt that allows for control flow changes between the initial and a subsequent
run. In order to facilitate control flow dependency from changeable data the type system is extended with
a mode that allows to establish upper bounds for worst case from-scratch execution time. Reasoning about
from-scratch execution is required as the program may follow paths that were not explored during the first
run and thus there is not sufficient runtime information to perform change propagation. This extension is
unpublished work by Ezgi Cicek and Deepak Garg.

Costlt’s typing judgments have the form FF e : 7, where € denotes the typing mode and « the upper
bound of the cost of the computation. When the typing is in change propagation mode, i.e. € is S, then the
derived cost represents the upper bound on cost of change propagation. Correspondingly, when the typing is
in from-scratch mode, i.e. € is C, the derived mode is the worst case execution time. Similarly, functions are
annotated with effects, which represent either dynamic stability or worst case execution time. A function

of type 71 M T can propagate changes with cost less or equal to k. A function of type 71 M To can
execute from-scratch with cost less or equal to k.

In order to differentiate between changeable and stable values, types are annotated with labels that
indicate whether a value can change or not. Similar annotations have also been used in the context of
information flow control analysis [14], binding-time analysis [I3], but also incremental computation [4]. A
value that can change between two runs has a type annotated with C-. A value that cannot change between
different runs is annotated with (-)S or (-)7. Intuitively, (-) and (-)7 differ only in higher-order and sum
types. The definition of a function that is labeled with (-)S should remain the same between two runs.
Nevertheless, the definition may capture variables that can change. A function labeled with (-)™ not only
itself cannot change but also does not capture inside its body any changeable variable from the environment.
Similarly, a sum type annotated with (-)~ should not capture inside its definition values that are allowed to
change between different runs.

In the following subsections we will describe the type system first through an example and then through
the formal presentation of the typing rules.

1.1 Typing by Example

As our running example we will pick the higher-order function map. For simplicity, we will assume that it
operates on lists of integers. In Costlt map can be given the type

S(0) . S(k) S(0). S(k-a)
K o

Vi URY . ((106)C 2 (106)%)7 2 vi® O va R 118t [n]® (30t)C 25 1ist [n]” (int)C

The code of the function can be seen in fig. [6l The type reads follows: given a function, that itself does not

change, does not capture any changeable variables from the environment, and executes from scratch with
cost x, and a list with n elements from which at most « can change, the function can propagate changes in
the input list to the output list with cost at most & - a.

We will explain how this type can be derived in the type system. When the list is empty the computation
has zero cost and the result is derived trivially. Assume now that the list has length n + 1. There are two
cases: a.) the head is changeable and b.) the head is stable. In the first case, the application of the function
to the head of the lists will incur cost x and, furthermore, the rest of the list has type list [n — 1]0‘71 T.
By the induction hypothesis we can derive that the recursive call incurs cost x * (o — 1) and the result
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Figure 1: Types

follows immediately. The second case is less trivial and requires non-standard reasoning. Since the head
is stable the rest of the list will have type list [n — 1] and from the induction hypothesis we derive that
the recursive call incurs cost k * a.. It suffices to show that the function application will incur zero cost and
the result of the application, that is cons-ed to the list, is stable. Since there are no free variables that can
change between runs in the expression or variables that can capture changeable values, it should be the case
that the value of the expression cannot change between runs and thus, no change propagation is needed.
Furthermore, the result can be safely annotated as stable, and thus added to the list without increasing the
count of changeable elements. This form of reasoning is embedded as a typing rule in the type system, and
as we will explain later in this section, corresponds to a comonadic reasoning principle.

1.2 Syntax and Semantics

In this subsection we will describe the syntax and the semantics of Costlt’s language. The complete syntax
of types and terms can be seen in figs. [I] and

Values v == n|b|(v,ve) | inl v |inrv|[]| vy ve |
fix f(z).e | A.e | pack v | ()

Expressions e, f == x |n|b| (e,e2) | fst e | snd e | inl e | inr e | case(e,z.y,e1.€2) |
[| | e1::e2 | (caser e of nil — ey | cons(h,tl) — e2) |
fix f(x).e | e; ea | ((e) | A.e | e]] | pack e | unpack e as z in €’ |
let x = e; ineg | ()

Figure 2: Value and expression syntax

Index terms can be either natural numbers or positive real numbers, represented with the sorts N and
R+ respectively. They are equipped with the standard arithmetical operations that are overloaded for the
two sorts and there is an implicit coercion from N to R*. The sorting judgment A & I :: S, where A is the
index environment assigning sorts to free index variables, assigns a sort to an index term.

Constraints are propositions over index terms. They are subject to a standard well-formedness judgment,
denoted A F C' wf. Moreover, we define a logical entailment judgment, denoted A;® = C where ® is the
environment where we collect constraints, which is defined by interpreting constraints in arithmetic. The
sorting and well-formedness judgments for index terms and constraints are similar to those presented by
Cigek et al. [5] thus they are omitted.



The types of Costlt are simple types refined by index terms and annotated with changeability annotations.
Functions are annotated with effects as described earlier in this section. Universally quantified types are
also annotated with effects that represent the cost of change propagation or from-scratch execution of the
closure. Lists are refined with both the length of the list and the number of elements that are allowed to
change between runs. More precisely the list type 1ist [n]® 7 denotes a list of type 7 with n elements from
which at « can change.

The syntax of Costlt’s terms is fairly standard. Note that abstraction and instantiation of index terms,
denoted A. e and e]] respectively, do not mention index terms to avoid syntactic. For more details the reader
can refer to [5].

Similar to all other refinement type systems, Costlt is equipped with a subtyping judgment, denoted
A;® FF 1 C 72. Subtyping has two subtyping modes, one for from-scratch evaluation and the other for
change propagation. The only difference in the two modes is the cost. We will not explain the intuition
behind the derived cost in this section. We will defer this discussion until section Selected subtyping
rules are presented in fig.
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Figure 3: Selected subtyping rules

The rule — 1 states if a function that does not change and does not capture changeable variables from
its environment is given an argument that does not change nor capture changeable variables, then the result
also cannot change or capture changeable variables. The rule — 2 states that subtyping is contravariant in
the argument type and covariant in the result type. Subtyping is also a covariant in the cost of the function,
since it represents an upper bound. The rule 11 states that the type of a list with that contains only stable
elements can be stabilized. The type stabilization function, denoted (-)'”, is defined as the homomorphic
lifting on types of the operation that turns all the changeability annotations to (-), i.e. (A*)!H = (A).
Note that this operation leaves base types unaffected. The rule 12S states that if a type is a subtype of an
other type then a list of elements of the first type is a subtype of list of elements of the second type. The
rule p states that a stable type can be lifted to a changeable type. E]

The typing judgment of Costlt has the form A; ®;T' - e : 7, where A is the sorting environment, ® is the
constraint environment, I' is the typing environment, € is the mode and x the dynamic stability. Selected

2Changeability annotations enjoy a total order, namely 0 < S < C



subtyping rules are presented in fig. [4 Again, we will defer the explanation of the derived dynamic stability
until section @

The rule fix1 states that a function is typable with a change propagation (resp. from-scratch) cost if its
body is typable in change propagation (resp. from-scratch) mode incurring the same cost. Rule app states
that a function can be applied in mode € if its mode is at least €, i.e. a change propagation function cannot
be applied in from scratch mode. Furthermore, it states that a function that changes between two runs
can only re-execute from scratch. The case rule is straight forward. An interesting detail is that when the
scrutinee can change then the branches should be typed in from-scratch mode, reflecting the fact they should
be re-evaluated during change propagation. Rule nochange embodies the co-monadic reasoning principle
in the type system treating (7)” as a co-monadic type [12]. It states that if an expression is typable in a
stable context, i.e. if all of its free variables cannot change between two runs, then change propagation can
be bypassed incurring zero cost. This relies on a very intuitive property of change propagation; if none of
an expressions’s free variables can change between two runs then the expression should evaluate to the same
value. Furthermore, the type of the expression can be stabilized, reflecting the fact that it cannot change
between runs. The rule caselL embeds the inductive reasoning principle we used in the example we gave
earlier in the type system. It has tree premises. The first premise applies when the scrutinee evaluates to
an empty list. The second and the third cases correspond to the inductive case. The second applies when
the head of the list is stable. In this case the total number of elements in the tail is decreased by one. The
third premise applies when the head of the list is changeable. Both the total number of elements in the list
and the total number of changeable elements in the tail are decreased by one.
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Figure 4: Selected tying rules

The dynamic semantics are the standard call-by-value semantics thus their detailed presentation is
omitted. The big step evaluation judgment is modified in order to return the cost of the evaluation. Note
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Figure 5: Schematic representation of the basic properties of the translation

that application of destructors incurs unary cost while application of constructors incurs zero cost.

1.3 Overview of the contributions

The main contribution of this internship focuses on proving that the cost derived by a typing derivation
in Costlt is sound with respect to a concrete change propagation semantics. To this end, we designed a
target language, namely saML, that provides the infrastructure for incremental computation and we defined
a translation that given a Costlt program, transforms it to a self-adjusting saML program. The soundness
proof shows that the cost of change propagation in the saML program is less or equal to the cost derived by
the type system.

The translation is type directed and it is defined by induction on the typing derivation. Similar to the
typing rules, the translation scheme also has two modes, one for change propagation and one for from-
scratch evaluation. During translation in change propagation mode a Costlt program is translated to a saML
program that evaluates to the same result as the source program. Moreover, given a change in the inputs
the target program can propagate changes to the output with cost less or equal to the cost derived by the
type system. Change propagation in the target program yields the same result as complete re-evaluation
of the source program under the same input changes. During translation in from-scratch mode, a Costlt
program is transformed to a saML program that evaluates to the same result as the source program and its
execution time is less or equal to the cost derived by the type system. Note that in this mode the derived
program is not self-adjusting. The above are represented schematically in fig.

The rest of the report is structured as follows: in section [2] we give an example of the translation, in
section [3] we present the static and dynamic semantics of the target language, in section [4] we present the
translation and the soundness results. Finally, in sections [5] and [] we discuss related and future work.

2 Self-adjusting computation by example

Continuing the example of the higher-order function map we gave earlier, we will present the main concepts
of our translation by explaining the translation of map.

Our goal is to translate map to a self-adjusting saML program that can update in place the parts of
the output that depend on data that can change. Furthermore the translated function should not incur a
change propagation cost that is greater than the cost in the cost annotation of its type. In order to be able to
differentiate between values that can change and values that cannot and also be able to update changeable
values we will enclose values that can change, i.e. values of type (A)® for some A, in mutable references.
Moreover, since in the list at most « elements can change and « has to be less or equal to the total number of
elements in the list, we need a way to differentiate between elements in a list that can change and elements
that cannot. We achieve this by translating the original list to a list of a sum type whose left variant will
hold values that are stable and whose right variant values that can change. The type of map in the target
language, that reflects the above modifications is
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Figure 6: Mapping function in the source (a) and the target language (b).

(ref int — ref int) — list (int + ref int) — list (int + ref int)

Since the function passed as argument expects an argument of ref int whenever we hit an element that
is stable, and thus of type int, we will have to put it in a reference cell before we apply the function to it.
Furthermore, since the result will be stable, we will dereference the result of the application before putting it
in the left variant of the sum type. Note that since the input of the function is stable and the body function
is stable and also does not capture any variables that can change from the environment, the application
will always yield the same result. When we hit an element that can change, we can immediately apply the
function to it and wrap the result in the right variant of the type. Furthermore, since the input can change
the result on the application needs to be reevaluated during change propagation. During the first run, we
create a new location in which we store the result of the application, after dereferencing it. This is also
the location that we put in the list computed by map. During change propagation we will recompute the
application and we will store the new result, after dereferencing it, to the location we created during the
first run. The list we computed during the first run will now contain the updated location.

In order to store the computations that need to be re-executed during change propagation and the
locations that need to be updated, we modify the language runtime in order to maintain a global queue
in which we push pairs of locations and closures. We enrich the language with new primitives in order to
be able to manipulate the queue. We defer the presentation of the static and dynamic semantic of these
new primitives untilsection |3l During change propagation, we pop an element from the queue, we evaluate
the closure and we update in place the corresponding location with the result computed by the closure.
We repeat until the queue is empty. In our example we push in the queue the application of the argument
function to the head of the list, in order to re-execute during change propagation. The translated code is
shown in fig. [6]

We can now show a glimpse of how the function will execute when applied to a list. Assume that we want
to apply Az.x + 1 to each element of a four element list, of which at most two can change. This function

C(3
can be given the type ((int)* £e), (int)©)" and it is translated to Az.ref (lz41). Note that the function
is executed from-scratch during change propagation and although addition incurs only a unit cost we also
have to account for the cost of referencing and dereferencing that sums up to two additional units. There
is no fundamental reason why we picked a function that executes from scratch, we could have considered
a function that can change propagate but that would complicate our example. The partial application
map Az.x + 1 can now be given the type
S(3-2
1ist 42 (int)C S®2 1ist [4)2 (int)C

We want to make sure that the cost of change propagation will be at most six. Assume that we want

to evaluate the expression map (Az.z + 1) [z1, @2, 23, x4] in the environment x; : (int)® — 1, zo :



(int)® ~ 42, 23 : (int)® = 3, x4 : (int)® — 4. This would translate to evaluating the expression
"map” A\z.ref (lx + 1) [inl zy, inr x9, inl =3, inr x4] in the environment x; : int — 1, z : int —
l1, 3 :int — 3, x4 : int — Iy and the store 1 : int — 42, [5 : int — 4.

After the first run, we obtain the store [y : int +— 42, Iy : int +— 4, [} : int — 43, I} : int — 5 (we omit
the locations that are not present in the input or the output). The output list is [inl 1, inr I}, inl 4, inr [})]
and the global queue is

(15,20 Az.ref (lz+ 1)) 1), (I, A)). Az.ref (\z+ 1)) lo]

Assume now that we update the input and want to recompute the result. The updated store is [; : int +—
2, ly : int + 4. The change propagation mechanism will run the closures in the queue in the order that they
were pushed and it will update the location in the first component of each pair with the value contained in
the location that is returned from the closure. After running the closures and updating the locations the
new store would be [y : int — 2, ls : int +— 4, [; : int — 3, l9 : int — 5. The references in the output list
now point to locations that contain values that correspond to the updated result. Furthermore, the cost of
pure computation (without taking into account the cost of queue operations or updating the references) is
exactly 6.

3 Semantics of the target language

The target language is a simply typed lambda calculus with general references. The references are added to
the target language in order to hold the values that can potentially change during subsequent runs. During
change propagation only the value of the memory locations that the references point to will be recomputed
and the references will be updated in place. Since the type system tracks the values that can potentially
change between two runs and ensures that their types are annotated as changeable the translation scheme
can ensure that every changeable component of the output will be stored in a memory location.

The language is also modified to add support for change propagation. The runtime of the language main-
tains a global queue that contains the computations that need to be re-executed during change propagation.
The elements of the queue are pairs of a list of references and a function from unit to a list of references.
During change propagation the recorded computation will be evaluated and will return a list of locations
that will have the same length as the list in the first component and moreover elements in the same position
in the two lists will have the same type. Note that this constraint is not enforced by the type system, but it
will be an invariant of the translation. The values of the locations in the first list have to be updated with
the values of the corresponding locations in the list that results from evaluation of the function.

We enrich the language with new primitives that allow us to interface with the queue. In order to be
able to type these new primitives we need to be able to type lists that contain references of any type. Thus
we need to enrich the language with a non-homogeneous list construct. Note that elimination of this new
construct only happens during change propagation, which is a low level algorithm expressed outside the
target language. Thus, we do not need to add semantics for the elimination of this new construct to the
language. Modifying the language to also include destruction of non-homogeneous lists is not fundamentally
hard but it would require enriching the type system with existential types.

In the remaining section we will present the semantics of the new primitives, that allow us to push to and
empty the queue, and also the semantics of non-homogeneous lists that allow us to type the new primitives.
The semantics of the rest of the language are fairly standard. The interested reader can refer to the technical
appendix for a more detailed presentation.

3.1 Static and dynamic semantics

The semantics of non-homogeneous lists are largely similar to those of homogeneous lists. The only difference
is that we allow inserting elements of arbitrary type and that the type of non-homogeneous list does not
carry type information for the elements.



The primitive push expects a tuple of a non-homogeneous list and a function from unit to a non-
homogeneous list, and pushes it to the global queue. The result of this computation is of unit type. The
primitive drop takes as an argument an expression of an arbitrary type, empties the current queue, and
returns the value that the given expression evaluates to. Note that during from-scratch evaluation we do
not pop from the queue and so there is no need for a primitive to perform a popping operation. The typing
rules for the new constructs are straight-forward and can be seen in fig. [7]

In fig. [8| we present the big-step dynamic semantics. The usual big-step semantics are modified to also
return the queue and the cost of the computation. Unlike stores, queues are not threaded through the big-
step rules. Instead, in order to derive the final queue, we append the queues that result from the premises
of the rules. The evaluation is deterministic and the allocator when given a certain store will always return
the same location, which should not be already present in the store.

I'kFe:7 I'es:1list I'kFe:r I'Fe:1list ' f:unit — list
I'Fnil:list 'k cons e es:list '+ drop(e) : 7 '+ push(e, f):unit

Figure 7: Typing rules for the target language

€, U‘HL v, OJ? Qly C1 €s, U‘uL vs, U/a Q27 C2 €, U‘UL v, 0-/5 Q) c
nil, o ¥ nil, o, @, 0 cons e es, o ||¥ cons v vs, 0", Q1+ Q2, ¢1 + ¢z drop(e), o |¥ v, o', @, ¢
e, o lfv, o, Q, ¢ e, o lFv, o, D, ¢ | = freshy(o')
T T
€1, 0 @L fix f(x)'e7 U/a D1> C1
es, o UF ', 0", Dsy, ¢ [z, f s fix f(z).ele, o” |F fix f(x).€], 0", D3, c3

e1 es, ol v, 0", Dy +Dy+ D3, ¢y +eatcz+1

Figure 8: Big-step semantics of the target language

3.2 Change Propagation

The main idea behind the change propagation algorithm is to run each computation that has been pushed to
the queue and update the corresponding locations with the new values, as described earlier in this section.
Note that, unlike previous work, we do not construct a dependency graph that tracks which values depend
on values that have been changed. Although that would allow us to only update the values that depend on
values that have actually changed, this information is not statically known and thus the type system counts
the cost of recomputing any value that can potentially change, regardless of whether the value actually
changes or not. Therefore, an algorithm that recomputes all the values that can potentially change suffices
to show that the cost incurred by the type system is sound.

For change propagation to be sound it is imperative that the locations on which the result of a deferred
computation depends have already been updated before the computation gets evaluated. Our translation
will have the invariant that if a pair has been pushed to the queue after another one, then it should be
the case that all of the locations in the first component of the first pair were created after the second pair
was pushed to the queue. Since the result of a computation cannot depend on a location that has not
been created yet, it should be the case that no locations that affect the result of a deferred computation
are updated after the computation gets evaluated. Since all of the locations that are changeable will get
updated eventually, it should also be the case that all the locations on which a computation depends will
have been updated before the latter is evaluated.
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To avoid dealing with location updates in the proofs, instead of updating the value of the already existing
locations we create freshly allocated locations that hold the updated value and we maintain a partial bijection
that maps the locations holding the old values to the corresponding new ones. The deferred computation will
be responsible for returning a list of freshly allocated locations that hold the new values of the corresponding
old locations. To get the updated result it suffices to apply the partial bijection to it in order to rename the
old locations to the new ones.

The change propagation algorithm works as follows. Assume that the initial store is o; and after the
first run we obtain a value v and a store o¢. Let o, be the updated store and dom(c;) Ndom(o.) = ). Let also
B be a partial bijection that maps locations from the initial store to the locations of the updated store that
hold the updated value. If a location does not belong to the domain of the bijection then its value does not
change. We give as input to the change propagation algorithm the queue, the updated store and the store
that we obtain after the first run. In the case that the domain of the bijection is empty then no update
has happened so there is no need to reevaluate the deferred computations. In the presence of updates, the
algorithm will pop a pair from the queue and will evaluate the closure after applying the partial bijection to
it in order to rename the locations that appear free and whose value has changed. Since some locations that
appear free may not have changed, and thus may not have a mapping in the updated store, the closure is
evaluated in the updated store extended with the store that is obtained from first run. After the evaluation
we set the updated store to be the store that results from the evaluation of the closure after o is removed.
Note that in the absence of store updates, the store that results from the evaluation is always an extension
of the input store. The bijection is extended to map each of the locations in first component of the pair to
the corresponding locations in the list that results from the evaluation of the closure. In the case that the
two lists are of different length or the new bijection is not well-defined the execution of change propagation
will result in a run-time error. Such erroneous programs however will never arise from the translation, as
shown by our soundness theorem. The change propagation algorithm can be seen in algorithm

Algorithm 1 Q, oc, oy, B~ 0, B, ¢

1: if B=0AN0o.=0 then
return (oy,3,0)
. else

2

3

4 0} — o,

5: ﬂ/ +~p

6: while @ # () do
7 (I, f) < pop(Q) .

8 if 5'(f) (), o} + oy YEU, o}, @, ¢ then
9 oy« of\os

10: B~ (B ol—T)
11: c+c+c

12: else

13 error()

14: end if

15: end while

16: return (0}, G, )

17: end if

4 Translation

The translation transforms a source program into a target program that is capable of propagating changes
in the inputs (free variables) to the output. The target program stores each changeable value in a reference
cell and during change propagation only the values of memory locations need to be updated. The trans-
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lation takes care of creating new memory locations to store values that need to be updated and pushing
computations that need to be reevaluated during change propagation in the queue.

4.1 Translating Types

An invariant that should be maintained by the translation is that the target program should be typable
with a target type that corresponds to the type of the source program. This correspondence is obtained by
translating the source language types to target language types. The main idea behind translating types is to
translate a changeable type to a mutable reference. Moreover, in order to distinguish between elements of a
list that can change and elements that cannot, we translate lists of type 7 to lists of type ||7*7|| + /7|, where
|| - || is the translation function. When an element of the list is of the left variant then its value is stable and
its type is stabilized in order to reflect this. When the element is of the right variant then the value can be
changeable. Another point that needs careful handling is universal quantifiers, as their introduction rules
in the type system incur zero cost in both change propagation and from scratch cost. To reflect this in the
target language, for all quantified types are translated to functions of a unit type argument. For the rest of
the types the translation is defined as a homomorphic erasure of the indexes.

(A = ref JJAIIA
—_ . [[(A)-]l = [|4] ifp=Svu=0
[int|| s = 1int |lunit|| = unit
”7'1 + 7'2” = ||T1H + HTZH ||,7_1 % 7_2H _ HTl” % ||7_2H
n(K) . )
I ==t = |nl = e [list[n]* 7| = 1list|l7| + |77
Vi s 74 = wnit — |7 [Ed = Il
1C — 7] = |
1C AT = |

Figure 9: Translation of types

4.2 Translating Expressions

The translation of the expressions is defined by induction on the typing derivation. The translation should
enforce that a changeable value is stored in a mutable reference and that the closure that recomputes its
value is pushed to the queue. In this subsection we will discuss and present the most interesting cases of
the translation. For a full presentation of the rules the reader can refer to the technical appendix. Selected
rules are presented in fig.

For constructors of pair and sum type construction, rules inl and pair, the translation is homomorphi-
cally defined using the translation of the premises. The derived cost is the sum of the cost annotations of the
premises. For pair destruction, that corresponds to rule fst, in from-scratch mode, we count the cost that is
obtained by the premises and we add a unit to it that corresponds to the application of the destructor. In
change propagation mode we only need to count the cost of evaluating the premises as the result is updated
in place and the constructor will not be reapplied. The translation of sum type destruction when the scru-
tinee is stable, rule casel, is straight forward and the cost is derived using the same principles as in pair
destruction. When the scrutinee is changeable the control flow may follow a different path in a subsequent
run for which there are no recorded computations and thus the result cannot be updated in place by propa-
gating changes. Therefore, in change propagation mode, the result of the expression should be recomputed
from-scratch in each subsequent run. During the first run the result of the expression is computed and each
changeable component is placed in freshly allocated references. Subsequently, the closure that computes
the output of the application and creates new locations for the changeable components will be pushed to
the queue along with the list of locations that where previously allocated. During change propagation the
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closure will be evaluated and the old locations will be mapped to the corresponding new ones. This is
illustrated in the rule case2. The meta-function deep(-, -) is responsible for generating code that stores
the changeable parts of the given expression to the new locations and return a reconstructed expression that
contains the new locations and a (non-homogeneous) list consisting of these locations. The meta-function
deep/(-, ) is similar with the difference that it only returns a location list and does not reconstruct the
expression. The cost derived by the type system in this case is the cost of change propagating changes in
the scrutiny, the cost of evaluating from-scratch the path that is taken, the cost associated with creating
new references, and also the three additional units that correspond to dereferencing the location that holds
the value of the scrutinee, the destructor application and the application of the closure. When the scrutinee
is changeable and the typing is in from-scratch mode then the translation follows the same principles with
the case when the scrutinee is stable, with the only difference that before case analyzing the scrutinee the
translation should dereference it and the derived cost should be modified to reflect this.

The translation of function abstraction is defined as the abstraction of the translation of the function
body. The change propagation (resp. from-scratch evaluation) cost in the function type is the cost that is
obtained by the typing of its body in change propagation (resp. from-scratch evaluation) mode.

For function application we should again consider the cases where the function applied is in change
propagation or from scratch mode separately. We should also distinguish between the cases where the
function is itself changeable or not. In change propagation mode, when a change propagation mode function
that itself is not changeable is applied to an argument, it is translated to the application of the translation of
the function to the translation of the argument. This case corresponds to the rule appl. Since the function
is in change propagation mode its translated code will propagate potential changes to the argument and to
the variables that are captured in its body to the result. The derived cost is the sum of the costs that are
obtained by the premises plus the cost annotation in the function type, that is the upper bound on the cost
of propagating changes through the function body. When a from-scratch mode function that is not itself
changeable is applied to an argument then the result should be recomputed during change propagation.
The translation will evaluate the function and the argument and then it will apply the former to the latter
creating fresh locations to store the changeable components of the result. This is illustrated in the rule
app2. The cost derived by the type system in this case is the cost of change propagating changes in the
function and in the argument, the cost of applying the function, and also the cost associated with creating
new references. The three additional units represent the cost of dereferencing and applying the function,
and applying the recorded closure. In the case that the function is itself changeable, that corresponds to the
rule app3, the only difference to the above is that in order to apply the function the reference that stores
it is dereferenced.

Function application in from scratch mode translates to function application of the translation of the
function to the translation of the argument. In the case that the function is changeable its translation is
dereferenced before applied. The derived cost is the cost of evaluating the function, the cost of evaluating the
argument, the cost of the function application and the cost of dereferencing the function if it is changeable.

The translation of primitive function application is similar to the translation of from-scratch mode
function application, as primitive functions are by default evaluated from-scratch. Since primitive functions
are closed when the input is stable the output will also be stable. When one of the inputs is changeable
then the result is also changeable and the whole expression is re-executed during change propagation.

The translation of list construction is straight-forward. When a stable element is cons-ed in the list then
its translation is wrapped in the constructor of the left variant of the sum type and it is cons-ed with the
translation of the rest of the list. If a changeable element is inserted in the list then its translation is wrapped
in the constructor of the right variant. Destruction of lists translates to destruction of the translation of
the scrutiny. In the cons case the head should be destructed further in order to determine if it is stable or
changeable. If the head is stable (resp. changeable) then the translation that corresponds to the typing of
stable (resp. changeable) case is returned.

In the nochange case the expression is typeable in a stable context and thus itself cannot change, as
explained in the introduction. The translation will be the translation of the expression with the addition
that the computation accumulated in the queue during its evaluation will be discarded and the result will be
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converted in order to have a stable type. Since no change propagation will happen, in the change propagation
mode the cost is zero. In the from-scratch mode the cost is the cost of evaluating the expression plus the
unary cost induced by the queue discard.

Lastly, we discuss the translation of expressions that are typed using the subtyping rule. Given an
expression of the target language whose type is the translation of the subtype, we need to convert it to an
expression whose type is the translation of the supertype. To this end, we define a coercion meta-function
that given a target expression of the subtype will generate code that converts it to an expression of the
supertype. This meta-function is defined by induction on the subtyping derivation. The generated code
may perform operations that incur an extra from scratch evaluation cost. Correspondingly, the code may
push extra computations to the queue that incur an extra change propagation cost. The cost that is derived
by the subtyping derivation reflects the extra cost that is incurred by the code generated by the coercion.
The definition of the coercion meta-function for selected cases can be seen in fig.

4.3 Soundness

In this section we will present the main soundness properties of the translation scheme. More specifically, we
will prove that the translated program is a well typed program and that evaluation and change propagation
in the translated program produce results that are correct with respect to the semantics of the source
program. Furthermore, we will prove that the cost incurred by evaluation and change propagation are less
or equal to the cost derived by the type system in from-scratch and change propagation mode respectively.

Our first theorem states that given a well-typed Costlt program its translation exists and furthermore it
is a well-typed program in the target language.

Theorem 1 (Totality of the translation and type soundness)
Let A;®;T'Fre:7. Then A;®;T'Fre:7 < Teland ||| - e : ||7]]

Proof. The proof is straight-forward and proceeds by induction on the typing derivation of the source
program. Note that in certain cases we need to prove the type soundness of the meta-functions used by the
translation. O

Before proceeding to stating and proving the soundness of the translation and the type system we
should define a notion of similarity between source and target values. In order to prove correctness of
the evaluation of the translated program we will define a relation that relates a source value and a target
value that are similar under a store. Two expressions are similar if they evaluate to similar values. In
order to prove correctness of change propagation, we will define a two-way-similarity relation that relates
two source expressions, one that represents the initial expression and a second one that represents the
updated expression and a target expression, under two stores — the initial and the updated one — and a
bijection between their domains. The three expressions are related if the target expression is similar under
the first store with the first source expression and moreover if the target expression, after applying the
partial bijection to its free locations, is similar under the combination of the two stores to the second source
expression. Furthermore for values that are not allowed to change, i.e. they have a stable type, all the three
expressions must be similar. Two expressions are two-way-similar if they evaluate to two-way-similar values.
We define the two relations by induction on the type of the values. Their definitions can be seen in fig.
and fig.

We can now state the soundness theorems. Our first theorem states the soundness of the translation
and cost derived by the type system in from-scratch mode. To ease readability we state the theorem when
there is only one free variable in the environment but it can be generalized for any number of free variables.

Theorem 2 (Type and translation soundness, C mode)
Assume that ;- z: 7' Ffe: 7<= Te? and v =] v. Then there exist v}, v;, ¢, j and ¢, such that (1)

[z = vsle o), j (2) [x—v]"eT, o v, o/, B, ¢, (3) Ec<kand (4) v, =T, v].
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Figure 13: Two-way-similarity relation

The theorem says that given a source expression can be typed in from-scratch mode in our type system
and two substitutions for its free variable that map it to similar values, then its evaluation under the
first substitution and the evaluation of its translation under a store and the second substitution terminate
(statements 1 and 2) and furthermore the evaluation in the target incurs cost that is not greater than the
cost derived by the type system (statement 3). Moreover, the resulting values are similar under the store
that results from the evaluation of the translated expression (statement 4).

The second theorem states the soundness of the translation and the cost derived by the typing derivation
in change propagation mode. Similarly to the previous theorem we will consider expressions with only one
free variable.

Theorem 3 (Type and translation soundness, S mode)

Assume that sz :7' F§e:7 = e, (v, V) Ro,, 0., g) Vi, dom(8) C dom(oy) and dom’(8) C dom(o).

Then if [z = vile |} v, j there exists vy, vi, of, 0%, Q, B' j and ¢, such that (1) [x — vcJe | v, j' (2)

[z = w]"e, oi b vy, of, Q, ¢ (3) Q, o¢, ap, B0}, B, (4) L < x and (5) (v}, v)) Rlos, o, B) ;.
In our second theorem we assume that a source expression can be typed in change propagation mode

and, furthermore, that we are given two substitutions for the source, one that represents the initial values of
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the inputs and the other one the updated, and one substitution for the free variable in the target expression
along with two stores and a bijection between their domains, such that the values that the three substitutions
are assigning to the free variable are two-way-similar under the given stores and the bijection between them.
The theorem states that if the evaluation of the source expression under the first substitution terminates
yielding an initial value, then the evaluation of the expression under the second substitution terminates
yielding a potentially updated value (statement 1), and the evaluation the translated expression in the target
terminates yielding a target value, a final store and a queue holding deferred computations (statement 2).
Furthermore, propagating changes from the updated store using the queue that resulted from the evaluation
yields an updated final store and a final bijection (statement 3) and moreover its cost is no more than the
cost derived by the type system (statement 4). The initial and the updated values obtained by evaluation
in the source language are two-way-similar with the value obtained in the target language under the two
final stores and the bijection (statement 5).

To prove the two theorems above we build two relational Kripke models, one for each mode of the type
system. Our relational models capture enough invariants to allow us to prove the above theorems. The
models are step indexed in order to handle recursive functions.

In the expression relation of our first model we interpret a source type as pairs of source expressions and
target expressions indexed by a possible word, which in this case is a store and a step index. Intuitively,
this interpretation relates a source expression and a target expression that evaluate to similar vales and
furthermore the evaluation of the target expression incurs cost that is less or equal to the cost represented
by the type index. The relational model can be seen in fig. We state and prove the fundamental property
of our relational interpretation.

Theorem 4 (Fundamental property, C mode)
Assume that A; @; T Fg e: 7 — Te™, ¢ € D[A], (05, 04, (0, m)) € G(I') and |= ¢®. Then (b5e, 6,"€7, (o, m)) €
E(pr)?r.

In the expression relation of our second model we interpret a source type as triples of two source
expressions and a target expression indexed by a possible word, which in this case is two stores, a partial
bijection between their domains, and a step index. Intuitively, in this interpretation two source expressions
and a target expression are related for a given world if whenever the first source expression evaluates in
steps less than the given step index then the three expressions are two-way-similar under every possible
future world and furthermore change propagation does not incur a cost greater than the type index. The
second relational model can be seen in fig. theorem [3] and theorem [4] are corollaries of the fundamental
properties.

Theorem 5 (Fundamental property, S mode)
Assume that A; ;' g e : 7 = Te, ¢ € D[A], (0;, Oc, 6:, (04, 0c, B, m)) € GleI'] = ¢®, dom(B) C
dom(o;) and dom’(8) C dom(o.). Then (b;e, O.e, 0;"€e, (0i, ocy B, m)) € EJpT]?"

Note that both of our models enjoy monotonicity, meaning that if a pair or a triple or expressions are
related in a world, then they are related in all possible future worlds, i.e. all the possible extensions of the
current world. This property is crucial in the proof of the fundamental property.

5 Related Work

Cicek et al. [5], in their seminal work on Costlt, provided a soundness proof for a preliminary version of the
type system. The soundness proof of the type system in [5] was with respect to an abstract cost model of
change propagation without justification of its realizability. In this work we provide a soundness proof that
shows that the cost derived by the type system is an upper bound of the actual cost that is incurred by our
change propagation mechanism.

Our translation methodology resembles the methodology followed by Chen et al. [4] in their work on
implicit self-adjusting computation. In this work, a functional program with changeability annotations is
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World = Store x Step index
V(7),Va(r) C Source Value x Target Value x World
E(r)* C Source Expression x Target Expression x World

ocdo' =VIiedom(c!). l €dom(c) A o(l) =0'(1)
o, §)> (0, j) =0’ A<y

V((A)*) =Va(A) ifu=Soru=0

V((A)°) ={(vs, L, (0, k) | (vi, o(l), (o, k)) € Va(A) }

V(unit) ={, 0, WM IT}

V(1 X T2) = { ((vs1,vs2), (vt1,ve2), W) | (vs1, ve1, W) € V(1) A (vs2, vi2, W) € V(r2) }
Viist[()® 1) ={ ([, [ o)k | En=0Aa=0}

V(list [n]® 7) = { (vs :: vss, inl vy vse, W) | (vs, ve, W) € V(rE) A

(vss, vse, W) € V(ist[n—1%7) A EO0<n U
{ (vs :: vss, inr vy i vse, W) | (vs, ve, W) € V(1) A
(vss, vst, W) € V(list[n—1]*"'7) A E0<nA0<La}
V(3t. 7) = { (pack vs, v¢, W) | 3. F 1S A (vs, ve, W) € V(r[L/t]) }

{(
{ (inl vs, inl vy, W) | (vs, v, W) € V(r1) U
{ (inr vs, inr ve, W) | (vs, ve, W) € V(m2) }
{ (fix f(z).es, fix f(z).er, W) | T }
{ (fix f(z).es, fix f(x).et, W) |
YW > W. ve, (vs, ve, W) € V(m1) =

([x = vs, f = £ix f(z).esles, [z — vi, f = fix f(z). et]er, W) € E(m2)” }
Valvt =" S 1) ={ (Aes, Aeg, W) | T}
Valvt 8 S 7) = { (Aves, Aver, W) | VI 158 = (es, er, W) € E(rlI/g)"11/8 }

S(k)

E(r)~ ={(es; er; (0, k) | Fus j.es bvs, § A
j<k=Vo' do3vio" c.et, " Yv, o, B, c A Ec<r A (vs, vt, (6, k—3)) €V(r) }

Figure 14: Unary step-indexed interpretation of types

translated to a self-adjusting program. They prove the functional correctness of the derived program and
also that preserves the intentional semantics of the original program, i.e. that change propagation will not
perform worse that the evaluation of the original program. However, the novelty of Costlt lies on the ability
to derive upper bounds on the cost of incremental computation complexity, that is often asymptotically
faster that from-scratch evaluation. The upper bound derived by Costlt is often much more precise than
the execution time of the original program and, consequently, our soundness proof provides a tighter upper
bound on the execution time of the translated program.

Ley-Wild et al. [II] provide a way to reason about the effectiveness of change propagation time by
comparing the edit distance of program traces. They provide a translation scheme from source programs
to self-adjusting target programs. They prove that their translation preserves the semantics of the original
program and also that change propagation between two runs has a cost that is upper bounded by the trace
distance of the two execution traces. The main difference of this work compared to Costlt is that it requires
direct analysis on the cost semantics of programs. In contrast, Costlt provides language support for reasoning
statically about the cost of incremental computation.

6 Improvements and Future Work

Besides the longer term future directions that we mentioned in the beginning, our next step aims in improving
the precision of our cost analysis. More precisely, we plan to modify the cost derived by the type system in
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World = Store x Store x Partial Bijection
V][], Valr] C Source Value x Source Value x Target Value x World x Step index
E[r]" C Source Expression X Source Expression x Target Expression x World X Step index

(0i, 0c, B, §) > (d}, o, B, j') = 0 D 0, AN oec I o A dom(8)\dom(3") C dom(c;)\dom(c}) A dom’(B)\dom’'(B’) C dom(o)\dom(ar) A j < 5’

VI(A)*] = Va[A] ifp=Sorpu=0

VI(A)] ={ (vi, ve, 1, (03, 0c, B, K)) | (vi, 1, (04, k) € VI(A)E) AV k.(ve, BA), (0c + 04, k) € V((A)E) }
V[unit] ={, 0, 0. W) T}

V[ x 2] = { ((vi1,vi2), (Ve1,ve2), (vi1,ve2), W) | (vi1, ver, vir, W) € V[Ti] A (via, vez, via, W) € V[2] }
Vtist[n]* 7] ={({, [, [, W)| En=0Aa=0}

V[1list [n]* 7] = { (v; :: vs;s, ve : VSe, inl vz vsy, W) |

(i, ve, ve, W) € V[TO] A (vss, vse, vse, W) € V[list[n—1]*7] A E0<n } U
{ (v; : V84, Ve it vSe, inr vy vsy, W) |
(i, ve, v, W) € V7] A (vsi, vse, vsy, W) € V[list[n—1]*"'7] A E0<nAO0<a}

V[3t. 7] = { (pack v;, pack ve, ve, W) |3I. F1:=S A (vi, ve, ve,, W) € V[r[I/¢] }
Valint] ={(n,n,n W)|T}
Valm + 2] = { (inl v;, inl v, inl v¢, W) | (vs, ve, v¢, W) € V][] } U
{ (inr v;, inr v, inr ve, W) | (v, ve, ve, W) € V[r2] }
Valr 2% ] = { (fix f(2). e, tix f(2).ec, fix f(z).es, W) |

VW > W vi, ve, vt (viy ve, v, W) €V[n] =
([x = vi, f = £ix f(2). eiles, [ ve, [ — fix f(z).eclec, [ — ve, f = fix f(z).etler, W) € E[r]” }
Valr M’TQ]] = { (fix f(x).e;, fix f(x).ec, fix f(x).et, (0i, 0¢, B, k)) | (fix f(z). €, fix f(x). e, (04, k)) € Va(r1 mmb A
Vk. (fix f(2). cc, fix f(2). Bler), (0c+ 04, k) € Valr — 1) }
Valvt S 7] = { (Aoes, Aco, Acer, W) | VI F 158 = (es, ec, e, W) € E[F[I/4]51/8 }
Valvt s ] ={ (Aes, Aec, Aes, (04, oc, B, k) | (A.es, A.es, (04, k) € Va(vt “ s, ) A
Vh. (Acce, A Bler), (e +0i, k) € Valr —2 ) }

EQrh~ ={ (e, ec, et, W) | Vji 05 0c Bvi. (04, 0c, B, i) Z2W A e Y v, ji =
Fve je ve oF D ca'} Bf . ec Y ve, je A
et, oi b v, 0§, Q, je N Q, 0c, Oy, ,Bwa}, B, c A
(o, 0'}, B8)> (04, 0e, B) AN Ec< Kk A (vi, ve, Ve, (of, U/f’ B, k—13:)) eV[r] }

Figure 15: Step-indexed interpretation of types

order to account for the cost incurred by queue operations and locations update during change propagation.
Currently, the type system tracks only the cost of pure computation during change propagation, i.e. the cost
of evaluating the recorded closures. We anticipate that there is no serious difficultly in this direction.

Another possible direction, which we did not consider during this internship due to time constraints,
would be the mechanization of Costlt’s metatheory in a proof assistant. We believe that, with sufficient
automation, the cumbersomeness of our handwritten proofs could be significantly reduced.
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Appendix A Definitions

lint 4

|71 + 72|
[N

Ivi g A

(A
1(A)3]
1(A)7]]
|lunit||
|71 % 72|
|list [n]
|32 7|
1C — 7|
1C AT

«

al

int
71l + (|72l
[l — (|72l

unit — ||7]|

ref HAHA

1Al

A4

unit

7]l > [ 72|

list ||7]| + |77
7]

7]

[I7]]

Figure 16: Translation of types

map f e

caser, e of

' =1
| htl — f h:map f tl

Figure 17: Mapping function in the target language

foldr fea = casep e of

] = a

| h:tl - letd = foldr ftlain f hd

Figure 18: Folding function in the target language

Definition 1 (Index term interpretation)
Let ¢ € D[A] and A;® 4 : S. The index term 4 is interpreted as follows
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deepaux(e, acc, (A)°) = let !l = ref le in (I, cons [ acc)
deepaux(€, acc, 11 X T2) = letv = ein
let p1 = deepaux(fst v, acc, 71) in
let acd = snd p; in
let py = deepaux(snd v, acd, 73) in
((£st p1, st p2),snd po)

deepaux (€, acc, unit) = acc
deepaux(e, acc, Ji. T) = deepaux(e, acc, T)
deepaux(e, acc, C — ) = deepaux(e, acc, T)
deepaux(e, acc, C A T) = deepaux(e, acc, T)
deepaux(e, ace, list[n|® 7) = foldr
(Ah. Aa. case(h, hy. L, h,.let p = deepaux(hr, T, a) in (cons (inr (fst p)) (
e ([], acc)
deep(e, 7) = deepaux(e, []; 7)

Figure 19: Deep dereferencing, re-referencing and flattening of the locations that occur in an expression
with expression reconstruction

COoStaeep((A © = 3

COStaeep(T1 X T2) = cO0Stgeep(T1) F coStaeep(T2) + 10
COStgeep(unit) =0

coStaeep(Ti. T) = COStgeep(T)

coStgeep(C — 7) = COStgeep(T)

costgeep(C A T) = COStgeep(T)

coStaeep(list [n]* 7) = n° (costaeep(T) + 10)

Figure 20: The cost associated with deep(-, -)

deepl,,« (¢, acc, (A)°) = let ! = ref le in cons [ acc

deepl (€, acc, 11 X T2) = letwv = ein
let acd = deepl,(fst v, acc, 71) in
deep}, (snd v, acc’, )

deepl (€, acc, unit) = acc

deep,, (e, acc, Fi. T) = deep (e, acc, T)

deep,,x (e, acc, C — T) = deep), (€, acc, T)

deep,,x (e, acc, C A T) = deepy,x(e, ace, T)

deepl (€, acc, list[n|* 7) = foldr (Mh.\a.case(h,h;. L, h,.inr %(hr, T, a))) e acc

deep’(e, T) = deepgux(& H? T)

Figure 21: Deep dereferencing, re-referencing and flattening of the locations that occur in an expression
without expression reconstruction
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cOStaeepres ((A ) = 3

COStgeepres (T1 X T2) = COStaeep(T1) ¥ costgeep(T2) 14
COStgeepres (UNit) =0

costgeepres (Ji. 7) = COStaeepres(T)

COStdeepref ( — ) = <:OStdeepref (T)

costgeepret ( ) = COSTgeepres (T)
CoStaeepres(list [n]* 7) = n ° (costgeepres(T) +6)

Figure 22: The cost associated with deep'(:, -)

conv(e, (A)*, (A)H) = e

conv(e, (A", (A)°) = letv = einrefv

conv(e, (A)C, (A)H) = le if (p="S)Vv(p=0)
conv(e, T X Ta, T{ X Tj) = (conv(fst e, 71, 77),conv(snd e, T2, T5))

conv(e, unit, unit) = e

conv(e, Ji. 7, Ji. 1) = conv(e, 7, 7')

conv(e, C =71, C — 1) = conv(e, 7, )

conv(e, C AT, C AT = conv(e, 7, 7)

conv(e, list[n]* 7, 1ist [n]* 7) = map (Ah.case(h, hj.conv(h;, 75, 7'5) h,..conv(h,, T, 7)) e

Figure 23: Conversion an expression of type 7 to a type 7/ when the two types have the same structure
same structure

costeony((A)H, (A)") =0
coSteony((A)H, (A)C) = 2
COStconv«A)(C? (A)F) =1
if (n="S)V(p=0)
coSteony(T1 X T2, T X T5) = 24 costeony(T1,7]) + cOSteony(T2, 75)
costeony(unit, unit) =0
COStconv(ai. T, di. 7'/) = COStconv(Ta 7—,)
COStconv(C —7,C = T,) = COStconv(Ta 7-,)
COStconv(C AT,C A 7',) = COStconv(Ta 7—,)
coSteony(list [n]® 7,1ist [n]* 7/) = a costeony(T', 7)) & (n = @) * costeony(T, T')

Figure 24: The cost associated with conv(-, -, -)
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A;<I>A|—’§A1§A2<—>g

A; is a subtype of Ay and g is the coercion metafunction

A;(I)Al—?’ﬁETQ‘—)g

71 is a subtype of 72 and g is the coercion metafunction

The rules marked with (1) are also valid for the 4 F judgment.

A;® 0 (int)® C (int)” < de.e A;® 0 (int)” C (int)® < de.e
As@FF T Cm g

APHFP HErmg—agr APEr+r+r+0=C)71: 0<#

A; Dy FS 1 A—%é(n) 7 —>6('.i )

At::S;@P?lTET'%g

— 2
Ty = de.fix f(z).gz2(e gi(x))

ANPdERrk+ R+ ((0=C)?71: 0) <K

Ao s v S s e gle ()

V2

AOEA T E7] =gy AOEER 7 E1y—ga A;® =k =k + o

A; O T X 7 E 7] X 75— Ae.(g1(fst e),gz(snd €))

APER=(=C)?1+ méX(COStconv(TthlD), Costcom,(Tg,TQlD)) : 0 i1
A;OFHE (m + TQ)D C (TfD + TQlD)D < Ae.case(e,z.inl conv(z, 71, TfD),y.inr conv(y, To, TQD))

Ad =k =(e=C) 7?1+ max(costeon (T, 71), COSteony (T3, 72)) : 0 o
A; O FF (TllD + TQLD)D C(m+ TQ)D — Ae.case(e, z.conv(z, 71“], T1), y.conv(y, 72l , T2))

A;® =k F costeon (72, 71) + (6 =C) 7 (1 + costeons (T2, 750))

0< K
A F) (r 2% )7 € (7 5 740)0

—1
—

< de.Az. conv(e conv(z, 717, 1), T2, 740)
Aid =k F (6=C)?71F costeeny(m',7)

D 0< K
K 5 (K’
A; @Y (vt 6(::) S. P (vt (:: )

V1
S. (r'P)F < e fix f(z).conv(e (), 7, ')

A;dE=a =0 1
A;® FO 1ist [n]* 7 C list [n]* 7' < dee
A;dEn=n AP Ea=d

A;@FngET“—)g NdERrR=a K

A; @ 5 list [n]® 7 C list [n/]" 7/ < Me.map A\z.case(z,z.inl conv(drop(g(conv( -
AdEn=n A;dkFa=d
ANPER=MN"KF+(nZa): (costmnv(T“:|

A;® Feor Cr—g ,T) 4+ costeony 7",7"“:I F1
C S

A;® g list [n]” 7 C list [n’]a/ 7" — Ae.map \z.case(z,x.inl conv(g(conv(zx, 8. ), 7, 75
At:S;OH 7T — g t§ZFV(<I>)H

A;@FF It C 3t T’f—>g

,y.inr g y) e
A;® = K = coSteony((A)F, (A)F)
A; @ EF (A C (A < deconv(e, (A)", (A)")
AP P ACA — g /L:S\/,u:DC1
AR T (AP C (A =g

A p <y

Ao ACA g AdEr=r 12 o
A; @ HE (A)F T (A)E < dedlet | = ref g(le) in let () = push([l], A().ref g(le)) inl
AsdabE ACA g AdEr=#/ §2 o
A;®HE (A T (A)C < Neref g(le)

A; i—g TC T Ae‘ereﬂ*(ﬂ
AEFT T Em—gr AR 21 Em3 > go A;@Izninljr@tran
A;@FF 1 73— Ae.ga(gale))
NOANCH e gy NOANSCHE2 s gy AOANC EC AOH TCET > g
A;qj—g n— Ade.Ll — split(i)

70_-
AN CoTCC = g 0P
AONC EC JANR N Al i
— S ; =c-and
A; @ C/\TEQ% AT —g

Figure 25: Coercion meta-function

z, 75, 7)), 7, 7 yinr g y) e
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A;®;THre:7— el

A; DT wf A; QT wf .
0 var 0 5 int
ANROHS Rl ol A s 3 A;®; T/ n: (int)- —n
A; O T FEY ey i — Teg ! A;®; T FE2 e img — ey A;® =k =k + Ro .
air
A; ;T HF (er,e2) i X 12— (Ter ', Tea ) P
A0 THE ey — el il A;®;THE e:my e Ml .
in inr
A;®; T Frinl e: (1 +7)° < inl T A;®;T Frinr e: (1 +7)° < inr "¢
AO:THY e:my x93 e A;<I>|:/<ai(/<;'—T—€:(C?1:0)ft
S
A;O:THE fst e — fst e
A;@;FF?IG:ﬁXTQ(—)'—e—' APEr=(K +e=C?1:0) d
sn
A; ;T FE snd e: g — fst Te!
A;O:T, f: (7 —>5(K) )5,z FSe:m— el fixc1
x
A;®; T fix f(2).e: (ny o), )% < fix f(z).Te?
A; ;T H et (1 —>S(K) o) — Tep” AT HE2 eg i1 — Tep” unw<Ss A;®Er=K + K + Ko 1
a
A;O:TFSeg ea:mp— ey ' Teg! PP
AT H eyt (1 M TQ)C — Feg”
A; O T G2 e = ey Cdmn A;® =k =k + k1 F K2 + costyeepres(T2) + 3 9
a
AT LA N letl = "ey'inlet x = ey ' in let r = deep(ll z, 72) in PP
s e let () = push(snd r, \().deep’(!l x, 7)) in fst r
A; ;T H et (1 m o) — ey
AP T HE? en i — ey Cdmy uw<S§ A;® Ek=r + k1 + Ko + costgeepres(T2) + 2 3
app

Lk ) let f = Te;'inlet ¢ = Tey ' in let r = deep(f z, 72) in
A;®Thgerex:m = let () = push(snd r, A\().deep’(f x, 7)) in fst r
AT HE et (1 m o) — ey
A DT HR2 eg i1 — Tep! Cdm A;® =k =k + k1 + kappag + 2
a

A; CID,F FE €1 €9 : Ty — !’_617 ’_eg—‘

pp4

’

C(k
AT HE e o (T M TQ)S ey AT 2 ep i1 = Mey” Cdmy
A;®;THEep eg: g Tep” Tey”

ANOER=K F Kk + Ko+ 1

A; DT e e (1) + 1) — Me A;O: T,z : 7 F?l e1: 7= e
AO:Ty:m b eyir5Tey] pu<S AdErk=ke+r +((e=C)?71: 0)

A; O;T HF case(e,x.e1,y.e2) : T — case(Te,z."e; ", y.Tex ™)

casel

A& THE e (1 4+ 72)C < e ANK 5 R I—{E, e1:T—"ep
A®;T oy FE ep o7 Tey cCar A;® k= ke + K + costaeepres(T) + 3
let [ = e in let r = deep(case(ll,z.7e;,y."ex ™), 7) in
A; ®;T H§ case(e,z.€1,y.e2) : T let () = push(snd r, A().deep’(case(!l,z."e; 7, y."ex7), 7)) in
fstr

case2

Figure 26: Translation rules
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A;®;T'Ffe: 7| expression e has type 7 with dynamic stability x. The context T carrying types of

primitive functions is omitted from all rules.
A; ;T HEe e (y JrTQ)C e
A'@'Fx:TlHélelzT%'_el—' A;<I>;F,y:7'2h[’§/62:7"—>regj pwlT ANOER=kR, + K F2 3
case
A;®;T ¢ case(e,z.e1,y.e2) : T — case(!"e ", z."e; 1, y.lex )

Y =C: (Th,...,Tp) 5T

A BT ey (Th)H s Tey prU--Up, =S A;@#mi(qu)—T—(eiC?m'—T—lz0)
1

imAppl
NI (er, o) - (P T  Cer, . Ten) primApP
TC) =C:(Tr. Tp) 5T A;®; T ey (T < Ty
n
pr--Up, =C A‘I)':H_(ZHQ )+ K +2 z, = if (u; = C) then !z; else x;
1 .
let z; = "e; 'in primApp2
A;®;THE C(eq, ... en) : (T Hin s let | = ref (¢(2],...,2),)) in
let () = push([l], A().ref (¢(2},...,2,))) in !
T =C:(Tho o T) ST AT HE ¢ (TP ey
pU-Up,=C  ANOEr=(D k) +r F1 ref:if (i = C) then I"e; 7 else e,
- primApp3

A;®;THE C(er, ... en): (TP s (Tl .., TelT)

t:S; ;T Fye:7— e
VI

A TH Ave: vt 8 7 s A().Fen

A;@;Fl—gee:(VtS(:'?)S.T)S%'—e—' AFT=S  A®Er=k +r{I/t} VE1
A;O; T RS ef] - 7{I/t} — Te ()

AT Hge e (Vt R S. 7)€ s e
AFI=S  Car{I/t} AP Ekr=rke + K {I/t} + costaeepres(T) + 3 VE2
[ let I = "elin let r = deep(! (), 7{I/t}) in
A; T hg el s il /t} let () = push(snd r, A\().deep’(!l (), 7{I/t})) in fst r

A;®; T Hge e (Vt C(:’? ) S. T)S s Ml
AFT:S Car{I/t} A;® =k = ke + K {I/t} + costaeepres(T) + 2 VES
Lk on. let f = Telin let r = deep(f (), 7{I[/t}) in
Ao Thg el s T/t = 00 () = push(snd r, A().deep'(f (), 7{I/t})) in £st r

A;@;FH&Ge:(VtC(:’?)S.T)C‘%'_e—‘ AFT:=S Car{I/t} A;‘b':fzifie:‘—/—i’{l/t}—T—ZVE‘l
AN QT HE ef] : 7{I/t} = "e ()

A; O T e e:(Vt(C(:}:i/) S. 7)5 e e AFT:=S Car{I/t} A;® =k =k + K {I/t} +1
A; @ TR ef] : T{I/t} — e () vES
A; ;T HEP e m{I/t} — Te™ AFT:=S
A; ;T Ff packe: 3t. 7 — e
A;@; T FEee:Jt. 7 — e
At S;®T,x:r Y ¢ i e tg FV(®;T,7") AdEr=ke + &+ ((e=C)?21: 0) “E

A;®;T F: unpack eas v ine’ : 7/ < letx = Te'in"e

B |

Figure 27: Translation rules, part 2
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A;d;DEHFe:T— el

A QT HM e 7/ Te A2 T Er—>g A;q)l:/ﬁjrngénc
Ao T EF e g(Te?) -

A®:TH e¢:7Tel  Voel A;®FI(z)C ()P AdER=(=S70: k)

nochange
A;®; T, T e: 70 — drop(conv(Te, 7, 7)) &
A; 0T f: (1 LGN )z e el Ve el A;®|=0D(z) CT(x)F fix2
x

A; &0, T FO fix f(z).e: (ny o), )" = fix f(x).TeT

A DT FE ey i — ey AT x:m FP2 ey Tey™ ANDEK=K +ra+(e=C?71: 0)

let
A;®;T'Filetx = epines i —>letx = Te; 'in Tey!
A; @ T wt . A;OANC; TR e:T—Tel |
o - unit - : c-impl
A;@;T . () :unit — () A;@TH e: C— 71— e
A; O TH e: C =1 = Te A EC | A;O:THEe:m— el ADE=C
c-impE c-andl
A;O;TH e el A;O:THe: CAT = Te?
AR TFE e :C AT — ey A;RANC; T,z FE et — ey
c-andE
A;O:TFfletz = eginey: o> letx = Te; 'in Tey”
AP =L A;® T wf A;® T wf .
— contra 5 5 nil
AT HE e — L AT R[] 1ist [0] 7 < ]

A; BT gt ey me) T A;®;T F2 eg 1 1ist [n]® 7 Tex” A® K=k T+ R
A;O:TFE eg et list [n ¥ l]a T—inl Tey T Tey’!

consl

AT H e i Mey” A;@;Fl—':‘zegzlist[n]a_l7'L>'_621 AP E=Ea >0 A k= kR + Ko

~qa cons2
A; ;T FE eg ieg : list [n—&—l] T inr Te; ' ey
A;®;T e e list [n]* 7 Te
A;dAn = O;FFSI e1: 7 = Te” A L;@Anii+1;r,h:7lm,tl:1ist[i]aTFE"/ er: T = Tex
A,?::IL,BZZL;@/\?’Lii—Fl/\aiﬁ—Fl;F,th,tlZliSt[i]ﬁTI_EN/BQZT/‘—>I—€21T
ANdlEr=ke + Kk +(e=C)?71:0
caseL

caser, "e! of
A;®;T FF caser e of nil — e | cons(h,tl) — ex:7 < | nil — Tey”
| cons(s,tl) — case(s,h."exT,h.Nex™,)

Figure 28: Translation rules, part 3
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[n], = n

[]e = T

[[Oﬂf =0

I+ 1], = [],+1

[L + L], = [h], + [L2]y
[ = L], = [L]e =[],
[11* ], = [hle - (Ll
[, = B

[11°1, = [
[T11] = [[]e]
[L1]]¢ = [[]e]

[Logy (D], = logy([1ly)
[min(fy, I2)], = min[h],[l],
[[méf(h’b)]]so = max[Li],[L],
S0 dle = Sl e

Definition 2 (Constraint interpretation)
Let ¢ € D[A] and A;® - C wf. The constraint C is interpreted as follows

[Lh=DL], = [h],=I[L],
[ < B], = [I]e <[],
[~1], = [

[[J.—ﬂqﬁ = 1

[[ﬂ]% = T

[Ci A Coly = [Ch]y ACo]y
[C1V o,y [Ci]e Vv [Ca]y

Lemma 6 (Index term interpretation soundness)
Let ¢ € D[A] and A;® 4 : S. Then

o S=Niff [i], €N
o S =R"iff [i], € RT
Proof. The result follows easily by induction on the sorting derivation.

Definition 3 (Constraint satisfaction)
Let A;® - C wf. Then A; ® |= C iff for all ¢ € D[A], if [®], holds then [C], holds.

Appendix B Proofs

Lemma 7 (Evaluation invariants)
If
67 g UL /U7 0-/7 D7 j

then the following hold:
1. o/ Il o

Proof. By induction on the evaluation derivation.
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Lemma 8 (Evaluation is deterministic)
If
€, 0; UL v, Of, g, .7

and
L 7 / -/
€, 0; ‘U’ v, Jfa @7 J

then j = j', ' = v and o} = oy
Proof. By induction on the evaluation derivation.

Lemma 9 (Graph locations)
Ife, o; ¥ v, o4, D, j and locs(e) = () and cl(o) then locs(D) C oy \ o;

Proof. By induction on the evaluation derivation.

Lemma 10 (Change propagation invariants)
If
D: Ocy, Of, BWO—/f7 6/7 c

then the following hold:
1. o) 2* o,
2. dom(f’) > dom(p3)
Proof. The result follows by induction on the length of the queue.

Lemma 11 (Change propagation under store extension)
If
-Dv Oc, Uf) /BWO-}7 B,) c

and then for all 0;5 ! of
D7 UC’ O-/f,7 ﬁ 3 Ulf’ 5,’ C

Proof. The result follows by induction on the length of the queue.

Lemma 12 (Change propagation under bijection extension)
If
D7 Oc, Jf7 BWO—}7 /8/7 c

then for all 5; such that 3 ® 8; and 5’ ® 3; are defined, and locs(D) N dom(f3;) = () then
Da Oc, O-Sga B®BJ ~ 0-}7 B,®Bja c
Proof. The result follows by induction on the length of the queue.

Lemma 13 (Change propagation composition)

If

Dla Ocy, Of, ﬁWU}7 /6/7 C1
and

Do, 0%, oy, B/~ df, B, ca
then

/!

Dl +D27 Oc, Of, 6 ~ O-.Ifla , C1+C2

Proof. The result follows by induction on the length of the first queue.
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Lemma 14 (No free locations)
Assume that
A;O;T e — e

Then locs("e) =0 .
Proof. By induction on the derivation. O

Lemma 15 (World extension closure)
The following hold:

1. If (v, vy, W) € V(r)r and W' > W, then (vs, vy, W) € V(7).
2. If (v, ve, v, W) € V[r] and W' > W, then (v;, ve, ve, W) € V[7].

If (e

T
I

3. If (es, er, W) € &(r)f and W > W, then (es, e;, W) € E(7)].

If (e, e, er, W) € E[7]F and W > W, then (e;, e, e, W) € E[7]".
5. If (B, 0, W) € G(T)z, and W > W, then (05, 6;, W') € G(T)x.

6. I (6:, 0., 6;, W) € G[T] and W' > W, then (6;, 0., 6;, W) € G[T].

Proof. First we prove statements (1) and (3) simultaneously, by induction on the type. Then we prove
statement (5) by induction on the length of the environment, using statement (1).

Using the statement (1), we can prove statements (2) and (4) simultaneously, by induction on the type.
Then we prove statement (6) by induction on the length of the environment, using statement (2). O

Lemma 16 (Value relation projection)
Then the following hold:

1. If (/U’ia Vey Uty (Uia Oc, Ba j)) € V[[T]] then (/U’ia V¢, (O-iv ])) € V(]TDLl andvma (vCa V¢, (007 ’I’I’I,)) € V(]TDL2
2. If (6;, Oc, 64, (04, 0c, B, m)) € G[I'] then (6;, 0+, (0i, j)) € G(I)r, and ¥V m, (0., 04, (0., m)) € G([) 1,
Proof. (1) follows by induction on the type 7. (2) follows by induction in the size of I' and using (1). O

Lemma 17 (Value relation composition)
Then the following hold:

1. If (v, v, (04, J)) € V(T)L,, VM, (ve, v, (0c, m)) € V(7))1, and C < 7 then (0;, b., 04, (0i, oc, 5, m)) €
GIrT

2. If (6, 0+, (04, j)) € G(O)1,, V', (6c, O, (0¢, m)) € G(I')1, and C < 7 then (6;, 0., 6, (04, 0¢c, B, m)) €
g[r]

Proof. (1) follows by induction on the type 7. (2) follows by induction in the size of I' and using (1). O

Lemma 18
Assume that:

V'm, (e, e, (o, m)) € &)} (A)
Then, there exist v;, j, vy, o’:
1. €; U %P ]
2. e., o Vv, o, @, ¢

3. c<k
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4. vmu (Ui7 Ut, (OJ7 m)) € V(]TI)L
Proof. We instantiate eq. with step index 1 and obtain v;, j such that
€q U T j

We can now instantiate eq. with step index 7 + 1 and by using the fact that the evaluation relation is
deterministic in the source and j < j + 1 we can obtain v;, oy and c such that

L
€c, O-U’ Ut, OFf, g, c
and
c< K

To show the third goal we pick an arbitrary m and we instantiate eq. with m + j + 1. Using the fact
that the evaluation relation is deterministic in the source and j < m + j + 1 we can obtain v; and ¢” such
that

ee, o IF vy, J}, @, c

and
(vi, vt, (0}, m+1)) € V(7L

Using lemma [15 we can show that
(Uia Ullfa (U}v m)) € V(]TDL

Using lemma lemma [8 we can we can show that v; = vy and oy = o , thus

(vi, v, (of, m)) € V(7)1

O
Lemma 19 (Map - Unary interpretation)
Assume that ¢ € D[A], = ¢® and the following hold
(Ists, Istr, (03, k) € V(List[¢n]™ o7); (1)
for all (vs, v, (03, m)) € V(pm )1,
(inl vs, g (inl v;), (03, m)) € E((o7"0 + ¢r')%) 9" (2)
and for all (vs, v¢, (04, m)) € V(o7 1,
(inr vy, g (inr ), (o5, m)) € E((¢7"*F + gzﬁT/)S[)%H/ (3)
then s L
(Ists, map g Isty, (04, k)) € E(List [pn]* qﬁr’[)?(a K Fn=a)tR)
Proof. The proof proceed by induction on ¢n. O
Lemma 20 (Map - Binary interpretation)
Assume that ¢ € D[A], = ¢® and the following hold
(lStia ZStca ZStlH (Uia Oc; 57 k)) € V[[lj‘St [(Z)n}d)a ¢TH (1)
for all (vi, ve, vi, (03, 0c, B, m)) € V[or'7],
(lnl %% inl Uey, g (lnl 'Ut), (O-ia Oc, Ba m)) € SII(QST/‘LD + ¢T,)S]]0 (2)
and for all (v;, ve, vt, (04, 0cy B, m)) € V][o7],
(inr v;, inr v., ¢ (inr ), (03, o, B, m)) € E[(¢7"F + ¢r)°]" (3)
then

(Ist;, lste, map g lsty, (0i, 0¢, B, k)) € E[List [qﬁn]‘m or']4° 2 bk
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Proof. We proceed by induction on ¢n. The interesting case is the inductive one. Assume that ¢n =n'+1
for an integer n/. There are two possible cases

Ist; = v; 1 vS;, LSte = Ve it VSe, ISty = inl vy i vSy

From the definition of the logical relation we derive

(Ui) Vey Uty (Ui) O¢, ﬂ7 k)) € V[[(ZSTLDH (A)
and
(vsi, VSe, Vs, (04, 0, B, k)) € V[1ist [¢pn — 1]°* ¢1] (B)
From the induction hypothesis applied on eq. we derive
(vsi, vSc, map g vst, (04, 0¢y, B, k)) € E[List [pn — 1]¢O‘ Pr']%% " o5 (C)
We instantiate eq. with eq. and we derive
(inl v;, inl ve, g (inl ), (03, o¢, B, m)) € E[(¢7" + o) (D)

We can now combine the two statements above, instantiate them with the appropriate stores and bijections
and use the definition of map in order to obtain

(vi 2 VS, Ve i USe, map g inl vy vsy, (04, oe, B, k)) € E[1ist [pn]®* ¢r/]P* " ¢

Ist; = v; 2 US4, ISte = Ve 2 VSe, ISty = inr vy vSy
From the definition of the logical relation we derive

(v’i; Ve, Ut, (Uia Oc, 67 k)) € V[[¢TH (A)
and
(/Usia UVS¢, VS, (Uia Oc, ﬁa k)) € V[[llSt [QSTL - 1]¢a71 ¢T]] (B)
From the induction hypothesis applied on eq. we derive
(vsi, vS., map g vsy, (0i, 0¢y, B, k)) € E[List [pn — 1]¢a—1 pr']PaL " on (C)
We instantiate eq. with eq. and we derive
(inr v;, inr v., g (inr ), (o3, o, B, m)) € E[(¢7"F + ¢T')S]]“ (D)

We can now combine the two statements above, instantiate them with the appropriate stores and bijections
and use the definition of map in order to obtain

(v; 2 VS, Ve i VS, map g inl vy i vsy, (04, o¢, B, k)) € E[List [¢n]¢a P’ % Con

O
Lemma 21 (Location Flattening)
Let A; @ 7 wf, p € D[A] and = ¢®. Assume that the following hold:
e1, 0; ULl vi, 0f, 9, ¢ (A)
ea, 0+ 0 472 vo, of +0i, D, c (B)
(vi, v1, (of1, k) € V(oT)L, (©)
V' m, (ve, v2, (0f2+ i, m)) € V(o7 1, (D)

underCr

Then, for all lists of locations lye. and l[;c and bijections  such that dom(5) C o1 and dom'(3) C o1, there
exist v, n, v = [vi, ... 0], v¢ = [v5,...,0¢] and [ = [l1,...,1,], ¥ = [I},...,1.] both with all the elements

pairwise distinct and furthermore for all ¢ € [1,n], [; € L1, l; ¢ dom(oy1), I € Lo and I ¢ dom(of2), such
that:
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1. deepaux (€1, T lace), 05 V21 (v,10@lae), op[(T— 1)), @, ¢
2. Asd =y <+ CoStgeep(T)

3. deeplyy (€2, 7, o), oc W2 VAl opl(l = 7)), @, c

4. N =y < e+ coStaeepres (T)

5. (vi, Ve, v, (o[ )], opl(ll o8], BT 1V, k) € V[7]

Proof. We proceed by induction on 7. We immediately exclude the (A4)%, (4)” and unit cases because of
the C < 7 constraint.

o (A)°

In this case,

deepaux(€i, (A)C, la_;c) =1let | = ref le; in (I, :: lgee)

and

deep!, (2, (A)C, vgue) = let | = ref leg inl :: acc
The goals are proved as follows:

1. Using the evaluation rules and eq. we can easily derive the following judgment:
deepaux(eh (A)C7 la26)7 g; ‘U’Ll <l7 [l]@la26)7 Ufl [<l — Ufl (U1)>]7 @, (&1 + 3

and [ € Ly, |  dom(oy1)

2. We can trivially show that
A;dE=ci+3<e1+3

3. Similarly, using and eq. , we can show:
€2, Oc “U'Lz [l/]@lé;c, Uf2[<l, = UfZ(U2)>]> g, c2+3

and ' € Ly, I ¢ dom(of2)

4. We can trivially show that
A;dEca+3<ca+3

5. Finally, we need to show that:

(Wi ve, L, (o4 (U= ap1(0))], ol apa(v2))], L U, k) € VI(A)T]

From the definition of the logical relation it suffices to show that

(v, of(v1), (o5 [{l= ap(o))], k) € ValA)r,
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which we get from eq. and 7?7 and
Vom, (ve, op2(v1), (0p[{I' = op2(v2))], m)) € Va(ADL,
which we get from eq. and the same lemma.

® 71 X T9
We can derive that A;® = C <7, A;® = C < 7p. From eq. , eq. @ and the definition of the logical

relation we can derive that v; = (vi1, Vir), Ve = (Ver, Ver), v1 = (V17,V1r), V2 = (Vo, v2,) and

(vit, vu, (of, k)) € V(r)r, (C1)
(Uiru Ulr, (va k)) € V(]TQDLl (02)
Vm, (va, va, (0F, m)) € V)L, (D1)
vm7 (UCTJ ’U27~, (0-}7 m)) e V(]TQDLQ (D2)

Furthermore we can easily show that:
fst (’Ullavlr)y Ufl U’Ll V11, Jflv @, 1 (Al)

and

£st (vor, var), oo+ 0 V2 vy, oo+ 0y, 9, 1 (B1)

We can instantiate the induction hypothesis for 7 with eqgs. 1) to 1' lazc, and l{;cc and obtain vy, ¢y,
cor, v = [vh, .0k ], b = oS, 08 ] and o= [l dey ), B = (1], ..., 1] both with all the elements

pairwise distinct and furthermore for all ¢ € [1,n1], l; € L1, I; ¢ dom(c1), I} € Ly and I} ¢ dom(oy2), such
that:

-

deepaux(fSt (’Ullavlr)’ T1, lacc)7 Jf1
ULl (11)

(Ulal;@la;)c)a Uf1[<l; HU%)L g, cqg

A;® ey < 1+ costgeep(T1) (1.2)

deep;ux(fSt (UZZaUQT)a T1, l:z_(;c)v Of2 + o;

e (13)

lg@l:z_c‘cv Uf2[<l_,1' = U%)] + 0i, D, cy
A;® | ey < 1+ costgeep(T1) (1.4)
and
(i, Ve, v, (ol v)], opl(l = )], Bl =1, k) € V[n] (1.5)
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We can also show the following evaluation judgments:

—

snd (Ulhvlr)v Uf1[<l; — U7i>] ULl Vlr, O-fl[<l_£ = U’i>]7 g, 1 (AQ)
and
snd (var, v2r), o p2l(lf = V)] + 07 422 var, o pl(I 5 0)] + 04, @, 1 (B2)

We can instantiate the induction hypothesis for 7 with egs. 1j to 1} l;@la_;c, and v_%@va_'cc and obtain
Up, Uy = Uk g, 0], ve = [V, 1,---,v5] and Iy = [lnysts--osln), I = (041> 1p] both with all the
elements pairwise distinct and furthermore for all ¢ € [1,n1], [; € L1, l; ¢ dom(af1[<l; — v8)]), Il € Ly and

I} ¢ dom(c p[(I], > 1£)]), such that

—

deepaux(snd (U2l7v27")7 T2, l;@la_;c)a Uf1[<l; — UD] + 0;
Y (2.1)
(vr, 15Q@11 Qloge), op1[(ly = vi)][(Is = v3)] + 04, D, 1y

A® e <1+ COStaeep(T2) (2.2)

— —
!/

deeply (snd (va, va,), 11, LQIL), o gl (T s 03]
YLz (2.3)
BALQIL., apll] — vO)[(I — 5)], &, ca

A; D = cop S 1 + costgeepret (12) (24)
(virs vers vey (pal{l = wDI2 = )], opa( = W] = 0B, B@ b @l 6, k) € V] (25)

Let [ = lQly, I/ = lg@lz, Vi = v_é@vg and v¢ = v5@u¢. Tt is easy to see that all the elements in [ (resp I') are
pairwise different, drawn from Ly (resp. Ls), and for all [ € [, | ¢ dom(cf1) (resp. foralll € U, l¢ dom(cf2)).

We can now show the goals

1. From eq. (A)), eq. (1.1) and eq. (2.1) we can derive that

deepaux(ela T1 X T2, la_c'c)a o
Y
(v, 0:),1@laee), op1[(I = %)), @, e1 + ey + crr

2. From eq. (1.2)) and eq. (2.2]) we can derive that
A;® ey +eytey+8<er+ COStaeep(T1) + COStaeep(T2) + 10

3. Similarly from eq. , eq. (1.3) and eq. (2.3) we can derive that

%(627 T1 X T2, l{z_(;c)a
Yt
7Qir ., oplll = 0%)], @, co+ co + ca

Oc
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4. From eq. (1.4)) and eq. (2.4]) we can derive that

AP ): co +coy + cop + 2 S c2 + COStdeep(Tl) + COStdeep(TQ) +4

5. Finally, we need to show that

= —
1

((Uilvvﬁ“)v (vclvvcr)a (Ulavr)’ (Uf1[<l_,*_) ’U'>]’ Jf2[<l/ — ’U_é>]’ p ®f}_> l_;v k)) € V[[Tl X 7—2]]

From eq. ([L.5) and ?? we can derive that

-, -
7

(vit, v, v, (o[ 0], opl(ff = 0%)], Bl T, k) € V[n]

From eq. (2.5) we can derive that

= —
1

(UZ'T, Ver, Ur, (Uf1[<fH ,U'>]’ O-f2[<l/ = ,U_é>], 5 ® f'_> l_;v k)) € V[[TZ]]
From the above and the definition and the logical relation follows the result.

e 7 =1list[m|" T

We can derive that C 9 7 and A; ® = a = m. We distinguish the following cases.

» Eon=0and E¢a=0
Using eq. , eq. @ and the definition of the logical relation we can derive v; = nil, v, = nil, vy = ||
and v = []

» E0< pmand F0 < ga
Using eq. , eq. @ and the definition of the logical relation we can derive v; = v} :: vS;, Ve = V. :: VS,
v = inr v}y vsy and v = inr ), Vs for some v), vs;, VL, vSe, Vi, VS, Vjy and vs. We can also

derive that

(v, Vi1, (of1, k) € V(eT)L, (C1)
(vsi, vsu, (071, k) € V(list [pm = 1]<pa -t o7 1, (C2)
Vom, (v, v, (052 + 05, m)) € V(pT)rL, (D1)
vV m, (vse, vsi2, (0f2+ 04, m)) € V(list [pm — 1]W -1 oT)L, (D2)

Furthermore we can easily show that
vs, op VM vsn, op1, @, 0 (A1)

and

vsi, oo+ 0i V72 vsie, o0+ 04, @, 0 (B1)
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We can 1nstant1ate the induction hypothesis with 1ist [n — 1 T, €qs. to lacc, and l
and obtain vsy, vl = [vl,...,vf“], vf = [vf,..., v, ] and Lo=[l,... 0], l’1 = [1,...,l ] both with all
the elements pairwise distinct and furthermore for all @ € [1,n4], l; € L1, l; ¢ dom(oyy), I; € Ly and
l; ¢ dom(of2), such that

deepaux(vsi1, lazc, list [n = 1}‘1 -1 T), 0f1

Iz (L1)
(Ustal;@la_;c)y Uf1[<l; '_>'Uzi>]7 Q, Ctll

A;® = ey < costgeep(list [n = 1]° -1 T) (1.2)

list [n = 1] -1 T), 02+ 0i
yre (1.3)
lll@l{z_;cv Uf2[<l,1 = /U_%” + i,y ®7 Ct12

/ /
deepaux (UStQ ) lacc?

A ey < COStgeepret (1ist [n - 1]a -1 T) (1.4)
and

i — — — — ~ d)ail

(vsi, VSc, VS, (afl[(l_{ = o)), op[(l] = )], BRI 1, k) € V[list [¢pn — 1] or]  (1.5)
Using 7?7 we can derive
(Ug’ ’U1€17 (Ufl[<l; — Uzi>]7 k)) € V(]SOTDL1 (Cs)
V¥ m, (v, v, (0pl(lf = 05)] + 01, m)) € Vi), (D3)
We can also show the following evaluation judgments:
vi, onl(il e v U o, opl(n - v, @, 0 (A2)
and
%JM@H@HWMwaM@ﬂW+%®J (B2)

We can instantiate the induction hypothesis with 7, egs. to ll@lacc, and I @lfwc and obtain
Uy, v2 (V8 15 VR, v = [v Vg 415+, V5] and Iy = [lmH,...,l ], l2 =[5, 415---,0,] both with all the
elements pairwise distinct and furthermore for all i € [1,n1], I; € L1, l; ¢ dom(af1[<ll — vm), Il e Ly
and I} ¢ dom(af2[<l_’£ — v%)]), such that

deepaux(v)1, [10lace, 7), op1[{l] > v})]
A (2.1)

(ve, 1@ Qlyee), o [(ly — v)][(la — v))], D, cn

A;® = cpy < costaeep(T) (2.2)
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/—»

Loer T)s ap2l(l] = 18]
L2 (2.3)

BLAtQir . o[l — vO)][(1h = 05)], @, en

deep;ux (U£2 ’ l7l’@l

A; D E o < COStdeepref(T) (2.4)

and

(viry v e, (o1 [(l1 = 0[5 = 03], ol = S)(G — o)] + 05, BRI 1 @13 — I, k) € V]er]

(2.5)
Let | = [,Q1, I/ = l_’z‘@lq, vi = U_é@v_li and v¢ = v5@u¢. Tt is easy to see that all the elements in I (resp
I") are pairwise different, drawn from L; (resp. Ls), and for all | € L1 ¢ dom(ofy) (resp. for all [ € U,
[ ¢ dom(of2)). Also note that

%(U‘Sﬂa la?c; list [n - 1}a -1 7') =
foldr (Ah. Aa.case(h, hy. L, hylet p = deepaux(hr, 7, a) in (inr (fst p) : £st acc, snd p)))

-

VSt1 (Ha lacc)

and

deep)y (vsi2, e, list[n = 1)~ Y7 =
-

foldr (Mh. Aa.case(h, hy.L, h,.inr deeply (hr, T, a))) vsso

acc

We can now show the goals.

1. Using eq. (1.1]) and eq. (2.1)) we can show that

deepaux (€1, la_;c, list [n]* 7), oy
Y

(inr vt : vsg, QL Qlaee), op1 [l — v [(l2 = W8], D, e1 + cn + can + 10
2. Using eq. (1.2)) and eq. (2.2)) we can show that
A;® ey +epr ey +10 < ep + COStgeep(T) + cOStaeep(list [n — 1]“ -1 T)+ 10

3. Using eq. (1.3) and eq. (2.3) we can show that

deep, (€2, lé;c, list [n]? 7), oc

YLz
BLAlQi,, op[(lf — vO][(15 = v5)], @, c1 + cha + ez + 6
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4. Using eq. (1.4) and eq. (2.4)) we can show that

a1

A;® ¢ + cpa + ey + 6 < ¢p + costaeepres (T) + COStaeepres (1ist [n = 1] T)+6

5. Using eq. (1.5) and eq. (2.5) we can show that

—

(v} wsi, VL vse, inr vp i vsy, (af1[<l; — v%)][(lg > v_§>], opa[(l] — v_@][(lg — 05) 40y, BRI] l§®lg — l;, ;
(2.3)
O
Corollary 22 (Location Flattening)
Assume that the following hold:
€1, 0j ‘ULl U1, Of, g, (A)
€2, O¢ ULQ V2, szu @7 Co (B)
(vi, v1, (051, k) € V(T)L, (©)
v m, (Uca V2, (Uf27 m)) € V(]TDLQ (D)
Car
[Tl =n
Then there exist v, vi = Wi, .. vi], 0 = [v6,.. ., v and = [ly,...,1n), = [I4,...,I'] both with all the

elements pairwise distinct and furthermore for all ¢ € [1,n], [; € Ly, I; ¢ dom(oy1), I} € Lo and I} ¢ dom(o2),
such that:

1. deep(e1, 7), o; Y (v,f), af1[<f»—> v_;>], @, €1+ costyeep(T)
2. deep’(ez, 7), 0. |72 ﬁ, 0f2[<ﬁ»—> ve)], @, ca + coStaeepres (T)
3. (vi, Ve, v, (o[ V)], opal(ll = o8], k, T 1)) € V7]

Proof. Tt follows immediately from lemmaafter unfolding the definitions of deep(e1, 7) and deep’(ez, 7).

O
Lemma 23 (Location Dereferencing)
Assume that the following hold
€t, 04 ‘U/Ll Ut, Of, g, c (A)
(Uiu Ve, Ut, (va @7 @, m)) € V[[T]] (B)

Then for all g and o,
1. conv(e;, 7, V), o; IF1 v}, 04, @, ¢+ costeony(T, )
2. (vi, ve, , (04, 0c, B, m)) € V[r'F]
Proof. We proceed by induction on 7. Some of the cases are shown below.
e 7=(A)H" when y=0or pu=S

In this case conv(e, 7, 7'M) = e and the result follows immediately from the premises and the definition of

VI
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o 7= (A"

In this case conv(e, (A), (A)F) =le. The goals are proved as follows:

1. Using eq. , we can easily show that
le, o; or(v), of, I, c+1
2. We pick an arbitrary 5. We need to show that
(vi, Ve, 0f(v), (of, 0c, B, m)) € V[(A)]

It suffices to show that
(Ui7 Ve, Jf(v)a (va Oc¢, ®7 m)) S VA[[A]]

Which we get by unfolding eq. .
& T =T XT3

By unfolding eq. we can show that v; = (v, vir), Ve = (Ve Ver) and v = (vy,v,) for some vy, Vi, Ve,

Ver, Vg, and v, and furthermore that

(Uib Uel, Uiy (Ufa Oc, (2)7 m)) € V[[Tlﬂ (Bl)
and
(Ui’r‘) Very, Ur, (Ufa Oc¢, ®7 m)) S V[[TQ]] (B2)
We can also show that
fst (v, v,), of UE o, of, @, 1 (A1)
snd (v, vp), of VX vy, 0, @, 1 (A2)

We can now instantiate the inductive hypothesis for 71 with eq. (Al]) and eq. (B1]) and obtain v] such that
conv(fst (v, v.), 71, TllD)a ar llLl UZ’ of, I, 1+ COStconv(TlaTllD) (C1)

and

vﬁa (vila Vel ’U;? (Ufa Oc, ®> m)) € V[[Tlujﬂ <02)

Similarly, we instantiate the inductive hypothesis for 7, with eq. (A2) and eq. (B2)) and obtain v/ such that

vﬂv m(snd (Ulva)a T27 TQLD)) Uf ‘U’Ll U;*a Ufa Q? 1 + COStCOHV(T27T2uj) (Dl)
and
(Ui’l”7 Very U7/~7 (Uf7 Oc, (2)7 m)) € VI:[T%D]] (D2)

We can now show the goals
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1. Combining eq. , eq. (C1]) and eq. (D1} we can obtain

deepl(e, 7), 0; ULI (vf,v;), of, D, c+3+ costconv(ﬁ,TfD) + COStconv(TQ,TQlD)

2. We pick an arbitrary § and we instantiate eq. (C2)) and eq. (D2)) with it. We can easily derive
((Uil7vir)> (Ucl7UCT)7 (’Ul,,Uér), (va Oc, Ba m)) S V[[T%D X 7—1LD]]

that proves the goal.

Lemma 24 (Referencing)
Assume that the following hold
€t, 04 ‘U’Ll Ut, Of, g, c

(Uiu Vey Uty (O-fv Oc¢, Bv m)) € V[[T]]

Then exists 0'} Jb oy
1. conv(es, 75, 1), o; |11 v, ot 2, ¢+ costeony (70, 7)
2. (vi, ve, vy, (0, 0, 0, m)) € V[7]
Proof. The proof is by induction on 7. It resembles the proof of lemma

Lemma 25 (Stable value lemma)
Assume that A; @ F 7 C 7' ¢ € D[A], = »® and

(Ui7 Vey Uty (Ji7 Oc, 6? m)) € V[[SOT]]

Then
(Ui7 Ve, Ut, (Ui7 Qa wa m)) € V[[SOT]]

Proof. By induction on the size of 7 and case analysis on the subtyping judgment.

Lemma 26 (Stable context lemma)
Assume that A; ® - T'(z) C I'(2)'", » € D[A], = ¢® and

(9i7 007 0157 (Ui7 Oc, 67 m)) € g[[QOPH
Then S = 0.
Proof. By induction on the size of I' and using lemma

Lemma 27 (Subtyping translation evaluation)

! AOHITCE T > g
e, o1 P v, 09, Dy, 1
and
g(v), o2 VY, o3, Ds, o
then

gle), o1 VX', o3, D,
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Proof. 1t follows easily by induction on the subtyping derivation. O

Lemma 28 (Subtyping soundness - Unary interpretation)
Assume that ¢ € D[A] and |= ¢®. The following hold:

L IfA;@ -7 E 7" — gand (vs, vy, (05, m)) € V(e7)r then
(vs, g(vr), (i, m)) € E(e7)]
2. APy AT A — g and (vs, v, (05, m)) € Va(pA)r then
(vs, g(vr), (03, m)) € E(p7)]

3. If A FY 7 C 7' < gand (es, e, (04, m)) € E(p7)f then

(es, gler), (04, m)) € Elpr)s ¥
Proof. O

Lemma 29 (Subtyping soundness - Binary interpretation)
Assume that ¢ € D[A] and | ¢p®. The following hold:

LIEA;® HF AC A — g and (vi, ve, v, (04, 0¢, B, m)) € Va[pA] then
(vi, ve, g(wr), (o, 0, B, m)) € E[pAT]"

2. f A;® Y 7 C 7' — g and (vi, ve, v, (04, 0cy B, m)) € V[pr] then
(viy ve, g(ve), (o, U}» B, m)) e E[pA]"

3. I A;® I—’:l TE 7 = gand (e, e, e, (04, 0c, 5, m)) € S[[gm']]“/ then
(€ir € gler), (04, oc, B, m)) € E[pr']" T~

Proof. We will prove the statements 1 and 2 by induction on the subtyping derivation. The cases where the
translation is the identity are trivial, thus omitted.

AOHS T Cm g A;OH2 1 1) go ANPER TR TR+ (6=C)21: 0<#K )
° — . —
B 5(w'
A; O 7y ﬁ) n Cn ﬂ) Ty < de.fix f(z).ga(e gi(x))

There are two possible cases.

> 0=S
We pick arbitrary j; < m, v}, of 3% 0, 0/ 312 0., B’ > B such that

! -/
v v, 75

dom(/3') \ dom(3) C dom(o?’) \ dom(o;)

and

dom’(5’) \ dom'(3) C dom(c.) \ dom(c.)

Since v; is a value we can derive UZ/- =v; and j; = 0. We can now prove the goals.
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4
5
6

. We can easily show that
ve b ve, 0

. We can also show that

Az ga (v g1(x)), o 2 Az. ga(vy g1(x)), oj, &, 0

. We can also show that

/ / / /
®7 Gca O-ia ﬁ M—)O'C, Ba 0

. We trivially show that 0 < 0
. This goal is trivial since dom(f3) \ dom(3) = () and dom’(3) \ dom'(8) = )

. It remains to show that

S(pk’
(/Ui’ Ve )\x'&(vt &(I‘)), (Uz/'a Uév /8/7 m)) S V[[(,OT{ M )

From the hypothesis we know that

S(pk
(Uia Ve, Ut, (Uia Oc, 67 m)) € V[[@Tl ﬂ)gOTQ]]

7l

(A)

We can derive that v; = fix f(z).e€}, v, = fix f(z). e, and v; = fix f(z). e} for some €], e, and e}.

We pick arbitrary j < m, of 281 ¢!, o JL2 ¢/ p" > ', v}, v/ and v}, such that

(vis ve, vp, (0, o, B, §)) € VIpr]

dom(3") \ dom(f’) € dom(c7) \ dom(c7)

and
don'(8") \ dow (8') C dom(a”) \ don(c?)

We have to show that

([ =l fre, [l fe el [z vga((fix f(z).€}) g1(x)), (ol

or equivalently

/

g

1
c)

", ) € Elpr)*”

([w i, f Lol o ol f el ga((fix f(2).¢) ga(v)), (of, ol 8", ) € E[ers] ™

We pick arbitrary j' < j, o L1 ol o JL2 ¢/ 3" > B”, v;s and j; such that
[z = v, f e fix f(x). ejle; § vig, i

dom(3") \ dom(3"”) C dom(c}") \ dom(c?)
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and
dom’ (") \ dom(5") C dom(c”) \ dom(o”)

Using lemma lemma [15] (note that the conditions for the stores and the bijection hold) we can derive
(i, v vty (07, ol B, §)) € VIn]

From the induction hypothesis applied on the first premise and the above statement we can obtain

o), oy 28 ol o) 3L o ¢y, B1 > B and ¢} such that

&(Uilf)7 02/, ‘U’Ll vz/tlv 01, Dlv C1 (Bl)
Dy, o, o5, 8" ~ Y, B, ¢ (B2)
¢y < k1 (B3)

dom(31) \ dom(B3"”") C dom(oq) \ dom(c)”)

A (B4)
dom’(31) \ dom’(5") C dom(o}) \ dom(c”’)

and
(vi, ve, vy, (o1, 01, B, 7)) € V[pn] (B5)

We can instantiate eq. with eq. (B5) (note that the conditions for the stores and the bijection
hold) in order to derive that

([ =, fr el [l fe el [w=) f el (o1, oty B, 7)) € Elpr]?”

Form the induction hypothesis for the second premise and the above statement can derive that

([z= v, f e, o v fro el gallz o), f e, (o1, o1, B, j)) € E[prg]? o™

(©)
We instantiate eq. with the above, eq. , o1, o) and B1 (note that the preconditions for the

stores and the bijection hold) and we obtain vef, je, vif, 02, D2, c2, 0%, B2, ¢5 such that:

(@ v £+ £1x F(@). €lJel b v, o ()

ga2([z — v, f = fix f(x).€}]e}), of 2 v, 01, D, co (C2)
Dy, 0y, 02, f1 ~ 03, P2, ¢ (C3)

¢y < o + pr (C4)
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dom(f2) \ dom(f;1) C dom(os) \ dom(o)
A

dom’(32) \ dom’(531) C dom(c%) \ dom(c7)
and

(Uifu Ucf, Utf, (027 Uéu 627 m_]l)) € V[[SOTé]]

Using eq. (B1)), eq. (C2) and lemma [27| we can show that
g2((fix f(z).€}) g1(v)), of 4" vy, 02, D1+ Ds, c1+ca+1

We can apply lemma [13[to eq. (B2) and eq. (C3|) and derive

D1+D27 O'ga 02, /Bllwoév 527 CI1+C/2
From eq. (B3] and eq. ((C4))
)+ ¢y < ok + oK1+ PRy

The result then follows from the above and eq. (C1)), eq. (C5) and eq. (C6]).
» 0=C

We pick arbitrary j; < m, v}, of 3% 0, 0/ 352 0., B’ > j such that
v; vz/'a Jz/
dom(/3') \ dom(3) C dom(o7}) \ dom(o;)

and
dom’(3') \ dom’(3) C dom(c”,) \ dom(o,)

Since v; is a value we can derive v, = v; and j; = 0. We can now prove the goals.

1. We can easily show that
ve b ve, 0

2. We can also show that

Az.let v = v g1(x) in g2(v), o] U Az let v = oy gi(z) in ga(v), o}, &, 0

3. We can also show that

/ / / / /
@’ O-m Gia ﬁ «»—)0‘07 Bv 0

4. We trivially show that = 0 <0
5. This goal is trivial since dom(3’) \ dom(’) = 0) and dom’(3’) \ dom’(8’") = 0
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6. It remains to show that

(vir Ve, Az ga(vy g1(x)), (o) ol B, m)) € VIpr, —2 or]

From the hypothesis we know that
C
(Uiv Ve, Uty (0i7 Oc¢, /67 m)) € VIIQOTl ﬂ QOTQ]]

We can unfold the definition and obtain

. Clpk
(Wi, vy (04, §)) € Vier =22 om)y,

. Clepr)
vmv (UC, B(Ut)v (UC + o4, ])) € V(]SOTl .fi_) @TQDLZ
Also using the premises we can construct a derivation for

A<I>A|— T1—>()T2‘:T1MT2<_>)‘efle() g2(e g1(x))

We apply lemma lemma 28] to eq. and eq. and derive
. Cler’) 0
(vi, Ax.ga(ve g1(2)), (03, j)) € Elpri —— ¢72)1,
Using the above we can easily show that
. Clepr")
(vi, Az ga(ve g1(2)), (04, 7)) € VT —— ¢72)1,
Similarly, we apply lemma lemma [28| to eq. and eq. and we derive
. 1 Clpx') /N0
Vm, (vi, Az.g2(B(v) g81(2)), (0c+ 04, j)) € Elpr —— 7)1,
Using the above we can easily show that

C(e
¥m, (vi, Az.let v = B(ur) ga(x) in ga(v), (0o +0u ) € Vipr, 2 orl) 1,

Using eq. (A1) and eq. (A2]) we can show that

C(er
(via Ve, Uty (Uia Oc¢, 57 m)) € VIIQO { M P 2]]

which proves the goal.

At S;oHFITCET — g ANdER+ kR +((6=C)21: 0) <K

AT g o )

S. 7" dedz. gle ()
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The proof of this case is similar to the one of — 2.

AR Er =g APHEP R ET g A® = K=K+ Ko

A;®HF 7 X 19 E 71 X 75 < de.(g1(fst e),ga(snd e))
The proof of this case follows easily from the induction hypotheses for the two premises.

AdERrk=(e=C)71F+ méx(costconv(Tl,TfD), COStconv(TQ,TQlD)) : 0 L
+

A;OFEE (1 + 7‘2)':I C (7‘1“] + TQLD)D — )e.case(e,x.inl conv(z, 7, TllD),y.inr conv(y, To, TQLD))

From the hypothesis we know that

(vi, ves ve, (03, 0c, B, m)) € V[(o71 + 9m2)]
From this we derive
(Uiy Ve, Ut, (Uia @7 wv .7)) € VA[[QOTl +(/OT2]]

There are two possible cases, either v; = inl v}, v, = inl v, and v; = inl v} or v; = inr v}, v, = inr v,
and v; = inr v;. The two cases are symmetric, so we will consider only the first one. From the definition of
the logical relation we obtain

(’Uzl'a Uév véa (Uia (Da ®7 m)) S V[[(,D’ﬁ]]
We pick arbitrary j; < m, v/, of 351 oy, 0. 252 0., 8/ > 3 such that

/ 1 .
Uy U Viy Ji

dom(f) \ dom(3) C dom(c7}) \ dom(cy)

and
dom’ (') \ dom’(3) C dom(o..) \ dom(c,)

Since v is a value we obtain v; = v} and j; = 0. Since v; is a value we obtain
! Ly /
Ut, 0’7,‘“’ ’Ut, O-’L" @, 0

We can apply lemma [23| to the two statements above and obtain

M(v{f, 71, Tluj)a 0-7/j ‘U’Ll vllflv Uga @7 COStconv(TlaTliD) (A)
and
(’Uz," U'/:? Ugla (Uia (Da (2)7 m)) € V[[QOTl]] (B)

We can now show the goals

1. Since v, is a value we can easily derive inl v/ || inl v/, 0
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2. Using eq. we can show

case(inl vy, z.inl conv(z, 71, TfD),x.inr conv(z, T, 7'2“])), ol Y11 inl1 v}, ol, @, 1—|—costconv(7'1,71m)

3. We can trivially show that
67 O'é, 0-27 /BI ~ U::v ﬁ,a 0

4. We can trivially show that =0 < 0
5. This goal is trivial since dom(3’) \ dom(’') = () and dom’(3’) \ dom’(8’") = 0
6. We have to show that

(inl v}, inlvg, of, (o, B, m, €)W[(eri™ +em™)"]

which follows from the definition of the logical relation and eq. .

AdErk=(e=C)71+ méx(costconv(TllD,Tl), COStconv(TQLD,TQ)) : 0 0
+

A; @ (TllD + T%D)D C(m+ TQ)D — )e.case(e, z.conv(z, TllD, 71),y.conv(y, ’7’2lD, 72))

From the hypothesis we know that
(vi7 Vey Uty (Ui7 O¢, Bv j)) € VII(SOTllD +(p7_2lm)|:’ﬂ

From this we derive

(Uiy Ve, Ut, (Ui7 Q)a ®7 j)) € VA[[SOTliD +907—2$D]]

There are two possible cases, either v; = inl v}, v, = inl v and v; = inl v} or v; = inr v}, v, = inr v,
and v; = inr v, for some v}, v/ and v;. The two cases are symmetric, so we will consider only the first one.

From the definition of the logical relation we obtain
(vi, s vy (00, 0, 0, 5)) € VIpriT]

We pick arbitrary j; < m, v/, o} 2%t oy, 0. 352 o, B’ > B such that

/ "o
’Uiuvia Ji

dom(/') \ dom(3) C dom(c?) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(c.) \ dom(c,)

Since v} is a value we obtain v, = v/ and j; = 0. Since v; is a value we obtain

/Ly /
Ut, O-i‘U’ V¢, Oy, Qu 0
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We can apply lemma [24] to the two statements above and obtain o al o} such that

conv (v}, TfD, ), o, I vy, of, D, costconv(ﬁm,ﬁ) (A)
and
(Uga Uév 1)2/, (Uf7 0, 0, m)) € V[[‘PTI]] (B)

We can now show the goals

1. Since v.. is a value we can easily derive inl v/, |} inl v/, 0

2. Using eq. we can show

case(inl v}, z.inl conv(z, {7, 71),z.inr conv(z, 737, ™)), o
Y
inl v/, of, @, 1+ costconv(TllD,n)
3. We can trivially show that
®7 O‘(’j? 0’;7 /BIWJ(IZW /8/7 0
4. We can trivially show that =0 < 0
5. This goal is trivial since dom(3’) \ dom(5’) = () and dom’(f’) \ dom’(5") = 0

6. We have to show that
(inl o}, inl v, oy, (0., B, m, €))V[(em + )]

or, equivalently,
(inl o}, inl v}, of, (B, 0, m, €))V[(er + p72)]

which follows from the definition of the logical relation and eq. .

A;dEn=n AP Ea=d A;<I>|—§/TET“—>5 AdEr=a "+

L4 !
A;® FE list [n]® 7 C 1list [0/]” 7' < Aemap Mz case(z,z.inl conv(drop(g(conv(z, 7'", 7))), 7/, 7*P),y.inr

We will prove that for all (v;, ve, vy, (04, 0¢, B, m)) € V[TH],

(inl v;, inl v, (Mz.case(z,z.inl conv(g(conv(z, ™5 o), T

c SﬂTlD +7]°

“j),y.inr g y)) inl v, (o4, oc, B, m))
and for all (v;, ve, vi, (04, 0c, B, m)) € V[1],

(inr v;, inr v, (Az.case(z,z.inl conv(g(conv(z, 50, 7, ), y.inr g y)) inr v, (o, oc, B, m))

€ EﬂTlD + 7']]”/
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The result then follows from lemma 20l

To prove the first goal we pick arbitrary v;, ve, v, 0;, 0., 8 and m such that

(vi, Ve, vty (04, 0cy By, m)) € V[TH]

We pick arbitrary j; < m, v}, of 3% 0, o/ 352 0., B’ > j such that
inl v; | v, ji

dom(A') \ dom(3) C dom(o?}) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(o.) \ dom(c,)

Since inl v; is a value we obtain inl v; = v} and j; = 0. Since v; is a value we obtain
Vg, Ug lLLl Vg, UZ{, @, 0
Using lemma [15| we can obtain
(03, ve, vty (0, 0%, By m)) € V[T
We can apply lemma [23] to the two statements above and we obtain

g

M(’Ut: T ) 7_)7 Jz{ ‘U’Ll Ué? Uf7 @, COStCODV(TlmaT) (A)

(vi, ve, v, (o7, 0, B, m)) € V[r] (B)

We can apply the induction hypothesis and derive
(vis ve, 8(v}), (o7, 0, 0, m)) € E[F'T”

We instantiate the above with 0 (note that 0 < m), of (note that oy 3% ¢f), 0, @ and v; | v;, 0, and we

obtain v., je, v}, o1, D1, c1, 0}, B1, ¢} such that:
ve 'U;7 Je (Cl)
and since v, is a value we immediately derive v/, = v, and j. = 0.
g(vé), of i vy, o1, D1, c1 (C2)

D17 ®7 01, Q)Wo_llv 617 C{I_ <C3)
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and from the definition of change propagation we can show o} =0, 51 = () and ¢} = 0.

E0 < ox

and
(Ui> Ve, U;f/v (017 ®7 ®7 m)) € V[[T,]]

Using eq. (C2)), eq. (A) and lemma [27| we can show

drop(g(conv (v, 0, 7)), of i vy, o1, D, c1 + COStconv(TiD,T) +1

We can apply lemma [23[ to eq. @ and eq. (ChH)) and derive

conv(drop(g(conv(v;, 77, 7)), 7/, 77),

Y

’Uél, o1, G, a1+ COStCOHV(TiDa T) + COStconv(T/a Tul:’) +1

of

(Uia Ve, Uéla (017 U:;a 5/7 m)) € V[[Tllm]]
We can now show the goals

1. We can easily derive that inl v. | inl v, 0

2. Using eq.

(Az. case(z,z.inl conv(drop(g(conv(z, 77, 7))), 7, 7'H),y.inr g y)) inl v,

Y

inl ’Uilfla o1, I, c1+ COStconv(TLD’ T) + COStconv(Ta TlD) +3
3. We can trivially show that
a, Ué? O’é, B/ ~ 0'2, ﬁ/a 0

4. We can trivially show that 0 <0
5. This goal is trivial since dom(f3’) \ dom(’) = 0 and dom’(5’) \ dom’(5’)
6. Using eq. we can show that

0

(inl v;, inl v., inl o), (o1, oL, (', m)) € V[[TILD +7']
We will now prove the second goal. We pick arbitrary v;, v, vy, 0;, ¢, § and m such that
(viy Ve, vty (04, 0cy B, m)) € V][]
We can apply the induction hypothesis and derive

(Ui7 Ve, g(vt)7 (0i7 Oy Oc, m)) € g[[T/]]H/
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Using the above we can easily prove that

(inr v;, inr v., (Az.case(z,2.,...,,y.inr g y)) inr v, (o4, oc, B, m)) € [P + 1

That proves the goal.

Atz S;OH TCT g t§{FV(<I>)3

A;@HFTL 7T T g

This case follows easily from the induction hypothesis.

/

A@Ep<p APk = costeony((A), (A)F)
A;®EF (A E (AP < de.conv(e, (A, (A))

If 4 =y or both of p, p' are either S or O the translation function is the identity and the result is trivial.
When p =0 and g/ = C the result follows using lemma lemma The only remaining case is when y =S
and p/ = C.

From the hypothesis we know

(Vi, Ves vty (04, 06, By §)) € V[(pA)°]

thus
(Uiv Ve, Vg, (Ui7 Oc, /67 ])) S VAHSOA]] (A)

The goals are proved as follows

1. We can show that
conv(vy, (pA)°, (9A)), i I 1, oill = v, @, 1

where [ ¢ dom(o;).

2. We can show that
Qv Ocy Oj, B ~ Oc, ﬁ? 0

3. We trivially show that 0 <0
4. This goal is trivial since dom(3) \ dom(3) = @) and dom’(3) \ dom’(3) =0
5. We have to show that

(Vs Ves 1y (03l = ve], 00y By §)) € Val(pA)©]

Which follows easily from eq. and lemma

A;PaHE ACA g AdEr=r F2 oS
[ -
A;®HE (AC (AN < dedet | = ref g(le) in let () = push([l], A().ref g(le)) in
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From the hypotheses we know

(Viy Ve, ey (04, ey B, §)) € V[(9A)C]

thus we can derive

(vi, oi(lt), (01, J)) € ValpA)r, (A1)

and
vV om, (Uw Ve (Ui + (TC(B(lt))7 m)) € VA(]SOADIQ (AQ)

We can apply lemma 28] to eq. (A1) and obtain vy
g(oi(ly)), oi 45 v, of, @, &1

and

(vi, ve1, (of, §)) € ValeA)r,

From the above we can show that

let | = ref g(ll;) in let () = push([l], A().ref g(!)) in i, oy
g o g
L, ofll = vul, (], A().ref g(lly)), c1 +4

and
('Ui, l? (Uf[l = vt1]7 ])) € VA(ISOA/DL1 (A)

Similarly we can apply lemma [28| to eq. (A2)) and obtain v
gloe+0i(B(h))), o+ 0i 172 v, 0 + 03, D, 2

c2 < YK

and

Y m, (ve, via, (0, m)) € ValpAr,
From the above we can show that
([t], A().ref g(ly)), o¢, o, B~ J}[l' — v, Bl 1], co+2

and
vV m, (ve, U, (a}[l' — vg2], m)) € ValeA)r, (B)
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We can easily show that co + 2 < k. Furthermore from it follows that

(viy Ve, 1, (of[l > ve], a}[l’ = ougl, =1, j)) € V[[((pA’)C]]
and since [ ¢ dom() and I’ ¢ dom’(3) we can derive

(vi, ve, L (ogll = vnl, o5l i), BlL— 1), 7)) € V(A
that proves the goal.

JANE ol e R o A; D2 79 C g > g9 A® = K=K+ Ko
— — tran

A;®EF 1 E 13— Ae.ga(gi(e))
This case follows easily from the induction hypothesis applied on the two premises.

A;OANCH s gy A; @ ANSC P 0 — go
== —split(f)
A0 s de. L

This case follows by contradiction.

AONC EC AdHITCET g
c-imp

AOHICHTEC w1 =g
This case follows easily from the induction hypothesis.

A;PNC EC AOH TET > g
—c-and
A;CI)I—SC/\TEC’/\T/‘%E

This case follows easily from the induction hypothesis.

Theorem 30 (Fundamental theorem - Unary interpretation)
Assume that the following hold:
Ao e — e

¢ € D[A]
(987 91‘/3 (07 m)) € g(]('lDFDL
= ¢®
pe=C
Then
(956, 0 e, (0-7 m)) € S(ISOTD?{
Proof.
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Theorem 31 (Fundamental theorem - Binary interpretation)
Assume that the following hold:
A;O;T e — e

¢ € D[A]
(9’57 007 9t> (O-i> Oc, 67 m)) € gIIQOF}]

pe=S9
= o®
dom(f3) C dom(a;) A dom’ () C dom(c,)

Then
(Bie, Oce, 6,7€, (04, oc, B, m)) € E[pr]?"

Proof. We proceed by induction on the typing derivation of e. For each of the following cases we pick ¢, 6;,
0., 0;, 0;, o, B and m such that :

e ¢ € D[A]

o = pd

o pe=S

o (0, Oc, 01, (04, 0c, B, m)) € G[I]

A; ;T f 2 (1 —>6(H) TQ)S,JZ T FS ey el
° fixl

A;®; T H fix f(z).e: (1 ), )% < fix f(z).e?

We pick arbitrary j; < m, v;, of 3% 0y, 0/ 382 0., B’ > B such that
0i(fix f(x).€) 4 vi, Ji

dom(A') \ dom(3) C dom(c?) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(c.) \ dom(c,)

By inversion of the evaluation relation we derive that j; = 0 and v; = 6;(fix f(z).e)

The goals are proved as follows:

1. We can easily derive that

O.(fix f(z).e) | O.(fix f(x).€), O

2. Similarly, we can show

O:(fix f(x)."e"), o) i Oi(fix f(z).7e?), ol, @, 0
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. From the definition of the change propagation algorithm we can easily obtain that:
9, 0-(,;7 O3, B/ ~ 0-27 Blv 0

. It is obvious that

0<0

. we can trivially show that (o;, o, B, j) > (0i, 0c, B, J)

. Finally, we need to show

(0i(fix f(z).e), O.(fix f(x).e), Oy(fix f(x).TeT), (o}, ob, B', m)) € V[(pn M) cpTg)S]]

We proceed by case analysis.
> 0=95
By the induction hypothesis we obtain that

S(pk
v (017 007 9t7 (Uia Oc, ﬁa ’I?’L)) € g[[sorvf : (307-1 & QOTQ)S,.ZU : 807-1]]7
(Oie1, Ocer, Oi"er”, (04, oc, B, m)) € E[pm]?" (A)

We proceed by induction on m.
m=20
The result holds vacuously from the definition of the logical relation.
m=m'+1

From the induction hypothesis we obtain
(0:(£ix f(2).€), O(£ix f(2).€), O(Eix f(x).TeT), (o ol B, m)) € V(pm 2Ly or)9]
(B)
We pick arbitrary W > (o}, ol, 8', m’ + 1) such that
(vi, ve, v, W) € V[eor] (1)
We can apply lemma [15[to eq. and derive
(B:(g1x f(2).¢), Bo(fix f(z).¢), bi(fix f(2).7¢T), W) € VI(pm ~22 om)] (2)
From the hypotheses we know that
(0i, Oc; O, (07, 0p, B, m)) € GleT]
Similarly, we can use lemma [15] to derive
(0, Oc, 01y W) € Gl
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From the above and eq. , eq. (2) we can easily show that

(Oi[x — v, f = fix f(x).0iei], Oc[x — ve, [ fix f(x). Ocec], Oz — v, f = fix f(x). Ore], W)

€ Glel, f « (o 2% ory)9]

We can instantiate eq. with the above and derive that

(Oi[x — v, f— fix f(x).Oiele, Oz — v, f — fix f(x).0c€le, Oilx — vy, f — fix f(x).0, e|"e, W)
€ Elpm]*”

which proves the goal.
» 6=C
By the definition of the logical relation it suffices to show

(0:(2ix f(2).€), Ou(tix f(x).TeT), (o) m)) € Valer —2% om)y,

and
Vm, (0(fix f(2).€), B(0(Fix f(2).7€T), (oh+ 0}, m)) € Valers —22 oro)y,

To show the first goal we will proceed by induction on m.
m =20
The result holds vacuously from the definition of the logical relation.
m=m'+1

From the induction hypothesis we obtain
(0:(2ix [(2).€), Ou(tix f(x).7e), (o} m') € Valpr -2 omo) (A)
We pick arbitrary j < m'+ 1, o/ 2%t ¢/, v;, and v; such that
(vi, i, (07, 7)) € V{eri)r, (1)
Since j < m’ and of 3% ¢!, we can apply ?? and ?? to eq. (A) and derive
(0:(£1x f(2)-€), Oilgix f(2).7), (o, ) € Valprs =2 gmal, 2)

From the hypotheses we know that

(92'; 005 etv (o-ia Oc, 57 m)) € g[[QDF]]
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We can apply lemma [16] and lemma [15] to derive
(0, 0r, (07, 7)) € GleTe,
From the above, eq. and eq. we can easily show that
(O3l > vs, 1> £ix f(2). Osesl, Ol > vy, f s £ix f(z). Ored], (o), 5)) € GUOT, £ (o1 2 o))y,

We can now apply theorem [30] to the premise of the typing derivation and instantiate the result

with the above statement in order to derive that
(Oi[z = vi, f = £ix f(x).Osele, Oclx = vy, f = £ix f(x).0:7e"eT, (07, 7)) € E(pma)i)

that proves the goal.
To prove the second goal we pick an arbitrary m. Using lemma [14] we can show that 5'("e™) = Te™.

Consequently, it suffices to show that

¥m, (0e(£ix f(z).€), (8- 0)(Eix f(2).7e7), () + o} m)) € Valori 2 omy,

We proceed by induction on m.
m=0
The result holds vacuously from the definition of the logical relation.
m=m'+1

From the induction hypothesis we obtain

(bcltix f(x).¢), (8- 0)(Fix f(z).7eT), (ok m') € Valpr 22 o)y, (B)
We pick arbitrary j < m’ + 1, ¢” 2351982 ¢/ 4 5! v, and v; such that

(ve, ve, (0", 7)) € VieTi) L, (3)

Since j < m’ and ¢’ 3F1YE2 ¢! we can apply lemma [15]to eq. and derive

(6c(ix f(x).e), (8- 0)(£ix f(2).7eY), (0", 5)) € Valpn — 2% om)p, (4)
From the hypotheses we know that

(0i, Oc, 0, (04, 0c, B, m)) € G[pD']
We can apply lemma [T5] and lemma [16] and derive
(0c, B+ 0r, (0", 7)) € GleD) L,
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From the above and eq. , eq. (4) we can derive that

(Oc[x — vy, fr £ix f(x). Ocee], (B - 01)[x — v, f = £ix f(z). (8- 0p)ed], (0", 7))

N
€ Gl f: (e Stew), ©72)°) L,

We can now apply theorem [30] to the premise of the typing derivation and instantiate the result

with the above statement in order to derive that
(Oi[x — vy, f > £ix f(2).0ee, (B -0:)[x — vy, f — £ix f(x). (B -0:) e e, (o7, j)) € EQ@TQDf';
which proves the goal.
K S(x")
A O TS eq: (1 —= m)! = Teq !
A DT Fg? e i1 — ey uw<S ANOEr=rK + k1 + Ko

o appl
A;(I);F Fg €1 €2 1Ty — '_61—' I—€2—l

By the induction hypothesis applied on the premises we get:

(Orer, Beer, 071, (01, v, B, m) € El(on ~E )] (4)
and
(0162’ 0062’ etr62—l’ (Uia Oc, 57 ’I?’L)) S 5[[()071]]80*62 (B)

We pick arbitrary j; < m, v;, of 3% 04, o/ 352 0., B’ > /3 such that
0i(e1 e2) U vi, Ji

dom(A’) \ dom(3) C dom(c;) \ dom(c;)

and
dom’ (') \ dom’(3) C dom(o..) \ dom(c,)

By inversion of the evaluation relation we derive the following:

Oier | tix f(x). €}, ji (1)
Oiea | vi, Jo (2)
eilz/vi][f/Eix f(z). €] b vi, ja (3)

Ji=n+j+i+1l
for some €], v}, ji, j2 and j3

We instantiate eq. with j1 (note that j; < m), o}, %, B’ (note that o} 3t oy, 0/ 322 0., f/ > B and
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the required conditions for the bijections hold), and eq. and we obtain v.1, j1, ve1, o1, D1, c1, o}, b1, ¢}

such that:
fcer I ver, Jy
0, er”, o 4" v, o1, Dy,
Dy, a;, o1, B/~ 0, B,
¢ < pra
dom(f31) \ dom(’") C dom(cy) \dom(ag) A dom’ (1) \ dom’(3") C dom(a)) \dom(ag)
and

. S(pkr’
(£ix f(2). €}y ver, v, (01, oy Bry m— 1)) € V(pm E%% omy)f]

By unfolding the last statement we can derive that

. S(pr’
(fiX f(x)e;, Ucl, Utl, (0-17 O-i’ Blv m _]1)) € VA[[‘)OTI M 907—2]]

and that v, = fix f(z).el, vy = £ix f(z). e} for some €., e;.

(A1)
(A2)
(A3)
(A4)

(A5)

(A6)

We now instantiate eq. with jo (note that jo < m) o1, o}, f1 (note that oy I oy, o} 2% 0. and

B1 > B) eq. (A5) and eq. (2), and we obtain v, jb, vj, o2, D2, ¢, 0h, Ba, ch such that:
!/ -/
9662 ‘U’ vc? ]2
L
etI_era 01 ‘U’ ! U£7 g2, D27 C2
D27 0/17 g2, /81 ~ O-éa /827 C/Q
0’2 < pK2

dom(32) \ dom(f31) C dom(o) \ dom(c;) A dom’(B2) \ dom’(31) C dom(o%) \ dom(c)

and

(Uga ’U;a 027 (027 Uéa 627 m_j2>) € V[[(PTI]]
We apply lemma (15| at the last statement and we obtain

('U;, Uéa U:h (027 Uéa ﬂ27 m_jl _j2 - 1)) € VHSOTl]]

We instantiate eq. (A6]) with g, ob, B2, eq. (B5) and eq. and we derive

(eile/V(f/- ] ela/vlllf ). s ella/ollf /-, (o2, 0, By m—j1 = jo = 1)) € E[pra]*

(B1)

(©)

We now instantiate eq. with eq. (B5)), j3 (note that jz < m —j; —ja —1) 02, 0, B2 (note that o9 b g,
ol ke o} and the conditions for the bijection hold trivially) and eq. , and and we obtain v, jj, v, 03,
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Ds, c3, 0%, B3, ¢ such that:

eclz/ve][f /£ix f(z). €] U ve, js
eilz/v)lf/tix f(2).€}], o2 U5 vy, 03, D, 3
D3, 03, 03, B2~ 03, B3, ¢
d < oK
dom(f33) \ dom(/32) C dom(cs) \ dom(c2) A dom’(33) \ dom’(B2) C dom(a%) \ dom(c?)

and

(Ui, Ve, Uty (037 02/37 ﬂ37 m_]l)) € V[[SOTQ]]
We can now show the goals:

1. From eq. , eq. (B1)) and eq. we can derive that

Oc(er e2) Y ve, J1+ o +J3+1
2. From eq. , eq. (B2)) and eq. we can derive that

0:(Te1 Tex ), of W vy, 03, D1+ Dy +Ds, ¢ Fea e+ 1
3. From eq. , eq. and eq. using lemma [13| and lemma [11| we can derive that
Dy + D3+ D3, 0}, 03, '~ 05, B3, ¢ +ch+¢4

4. From eq. , eq. and eq. we can derive that

A+ + s < ok + Ko + K)

5. From eq. (A5)), eq. (B5|) and eq. (C5)) we derive that

dom(33) \ dom(/3") C dom(c3) \ dom(o}) A dom’(33) \ dom’(B") C dom(c%) \ dom(a?,)

6. From eq. (C6) we derive that

(U’i7 Ve, Uty (037 o—év 637 m_]l)) € V[[‘PTZ]]

C !
AT FS eq : (T ﬂ) TZ)C — Tey”
AT HgZ ex i1 — Mep” Cdmn AP ER=K + r1 + K2 + coStgeepres (T2) +3

let ] = "e;'inlet £ = "ey ' in let r = deep(!l x, 7) in
A; DTS e eg i1 — ! 2 deep( 2)
let () = push(snd r, A\().deep/(!l z, 7)) in fst r

63

app2



By the induction hypothesis applied on the premises we get:

(Bie1, Ocer, 0i"er”, (04, oc, B, m)) € E[(¢71 M}QPTZ)C]]WQ (A)
(91'62, 00627 Ht’_e2—|7 (O_ia Oc, 57 m)) S g[[gp'rl]]gmz (B)

Let dom(8) C dom(o;) and dom’(3) C dom(o..). We pick arbitrary j; < m, v;, o 31 oy, 0! 252 0., B/ > B
such that
0i(e1 e2) I vi, ji

dom(#') \ dom(3) C dom(c?) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(c.) \ dom(c,)

By inversion of the evaluation relation we derive the following:

Oier | tix f(x). €}, ji (1)
Oiea | vi, Jo (2)
eilz/vi][f/Eix f(z). €] b vi, ja (3)

Ji=n+j+i+1l
for some €}, v}, ji1, j2 and js.

We instantiate eq. with j; (note that j; < m) o/, 0%, B’ (note that o} I oy, 0. 3*2 5., ' > B, and all
the preconditions for the bijection hold) and eq. and we obtain v.1, ji, I, 01, D1, ¢1, o}, f1, ¢} such that:

Ocer | ver, i (A1)

0;"er”, o U1 1, o1, Dy, @ (A2)

Dy, o\, a1, B~ o), B, ¢ (A3)

¢y < pry (A4)

dom($3;) \ dom(8") C dom(c1) \ dom(c}) A dom'(531) \ dom’(8") C dom(c}) \ dom(c?.) (A5)

and
. C(pr’
(1% (). €, v, L, (o1, o, 1, m— 1)) € V(pm <& om)]
By unfolding the last statement we can derive that | € dom(c1), 81(l) € dom(o} + 1) and
. C(pr’
(fix f(@).¢}, o1(l), (o1, m— 1)) € Valpr ~2% om)y, (A6.1)
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C ’
Vm, (va, of +o1(Bi(1). (of + o1, m)) € Valors =5 pra)u, (A6.2)
From eq. (A6.1) we can derive that o1(l) = £fix f(z).e}; for some e};. By instantiating eq. (A6.2)) with a
concrete step index we can derive that v, = fix f(x). e, and o] +01(B1(1)) = £ix f(x). €}, for some €, €},.

We now instantiate eq. (B) with jo (note that jo < m) a1, o, 81 (note that o1 2% 0!, of 2%2 0L, 81 > B'),
eq. , and eq. (A6) and we obtain v., j5, v}, o2, D2, ca, 0, B2, ¢4 such that:

Ocea I vg, Jy (B1)

0: ex”, a1 V51 v, o9, Do, (B2)

Dy, a4y, p1~ 03, Pa, & (B3)

cy < pky (B4)

dom(f35) \ dom(f;) C dom(cg) \ dom(c1) A dom’(Bs) \ dom’(B1) C dom(ch) \ dom(c}) (B5)

and

(U§7 U(,:a Ué? (UQa Jéa 627 m_.]Q)) € V[[SOTI]]

We apply lemma [15] and lemma [I6] at the last statement and we obtain
(vi, v;, (02, m—j1—ja—1)) € V(eTi)1, (B6.1)

and
vV m, (v., Ba2(vi), (0 + 02, m)) € V(pti)r, (B6.2)

We instantiate eq. (A6.1)) with o9 (note that oo 3% ¢7) and and eq. (B6.1)) and we derive
(eil/villf /£ix f(2). €], enlz/vi]lf/fix f(x). €], (02, m—j1 = ja = 1)) € E(pmal]] (©)
Using eq. (A6.2) and eq. (B6.2)), we can also derive

¥ m, (ella/vl)[f/Eix f(@).€l], eialr/Ba(])]If/tix f(x).ela], (0 + 02, m)) € Elpra) Ty (D)

From eq. using the fact that the evaluation relation in the source language is deterministic and that

Jj3 < m — j1 — jo — 1 we obtain vy, o3, c3 such that

ez /v][f/Eix f(z).ey], o2 U7 va, o3, @, c3
and consequently, since o2(l) = o1(l) = £ix f(x). e}y, we obtain

vy, o9 llLl vy, 03, I, 3+ 2 (C1)
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We also obtain

c3 < (pli/ (02)
(Ui, Vi1, (037 m _]l)) € V(]SOTQI)Ll (Cg)

We now instantiate lemma |18 with eq. @ and we derive that
eclz/vellf /fix f(z).ec] b ve, js (D1)

ehal/Ba(D[f /£ix f(x). €fa], oh + 02 412 vz, o} + 0a, B, 0

and consequently, since o + o2(52(1)) = of + 01(B1(1)) = £ix f(z). €}, (note that [ € dom(oy) thus B1(1) =

Ba(1)), we can derive

62(”) 62(171/5)7 O-é + g2 ‘U’L2 Vt2, O-g} + g2, Qv Cg + 2 (D2)

We also derive
ey < ok (D3)
VY m, (ve, vz, (0%, m)) € V(em)L, (D4)

We can apply corollary to eq. (Cl)), eq. (D2), eq. (C3), eq. (D4) (note that C < 79) and obtain vy,

v = [wi, .. vi], ot = [vf,. .. v¢) and [ = [ly,..., 1], ! = [I%,...,l.] both with all the elements pairwise

distinct and furthermore for all i € [1,n], [; € L1, l; ¢ dom(os), I, € Ly and I ¢ dom(o}), such that:

deep(!l v}, 1), o2 I (v, f), 03[<f'—> fu—%)], &, 3+ 2+ coStaeep(T) (E1)
deep’ (B2(!1) Ba(v}), T2), oy WE2 T, Gh[(I — v%)], @, ¢ + 2 + costacepres (T) (E2)
(v, Ve, vy, (03[<f»—> v_%>], oh[B2 ® <l7 — 1)_5>], I f7 k)) € V[r] (E3)

We can now show the goals:

1. From eq. (A1), eq. (B1) and eq. (D1)) we can derive that
Oc(er e2) b ve, Ji+ 3 + 5 + 1

2. From eq. (A2)), eq. (B2|) and eq. (E1f) we can derive that

0;"e7, ol
Y
vy, 03, D1+ Do+ (ﬁ A().deep’ (1 v;, 7)), c1+ c2+ 3+ 9+ costgeep(T2)

3. From eq. (A3)) and eq. (B3) and using lemma |11} and lemma [13| we can derive that

/ / / / /
D1+D27 Ocy 02, 6 ~r 09, /827 Cl+02
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There are two possible cases

o gh,=N3y=10

In this case we can derive that
(u, (). deep’ (Il vy, 12)), 0%, 03, B2~ 05, B2, 0
Using lemma (11 and lemma [13| on the two change propagation judgments we can derive that
Dy + Dy + (f, A().deep' (! vy, 1)), oL, 03, B~ 0y, Ba, ¢+

o oy DV By #0)
Using eq. (E2)) we can derive that

B2(A(). deep' (!l v}, 72)) (), o5 472 0, I, o4[(7 = v%)], @05 + 3 + costacepret (7)

In addition, we can easily see that 8y @ (I — I') is well defined since dom(832) C dom(3), dom’(B2) C
dom(c%) and for all l € I, € Ly, | ¢ dom(o3), L € I/, | € Ly, | ¢ dom(c%). By the definition of change

propagation algorithm we can derive that

— -

(l_; )‘() deep/(!l U;: 7_2))7 O—éa 03, 62 ~ 0’%[<l = U_é>]7 62 & (l_”_> l )7 Cg +3+ COStdeepref(T2)

Using [?] and [?] on the two change propagation judgments above we can derive that

— —.

D1+Do+(I; M(). deep’ (1 v), 72)), o, 03, 8~ a4 [{I7 = 00)], Bo@(I' = 1), ¢} +ch+ch+3+costacepres (T2)

4. We should distinguish the following cases:
e o, =0 A By =0 From eq. (A4) and eq. (B4) we can derive that

A+ dy < ok

e oy FOV B #D
From eq. ((A4)), eq. (B4) and eq. (D3) we can derive that

Cll + 6,2 + Cg +3+ CoStgeepref (TQ) < R

5. We should distinguish the following cases:
o0y =0NpB=10
Using eq. (Ab) and eq. (B5|) we derive that

dom(32) \ dom(’) C dom(c3) \ dom(o}) A dom'(32) \ dom’(") C dom(o?) \ dom(a?,)
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e o, £V By # () Using eq. (A5 and eq. (B5)) we derive that

—

dom(Bs @ (I'— 1)) \ dom(8') C dom(cs[(I'— v1)]) \ dom(c?}) A dom’ (B2 ® (I 1)) \ dom(8') C dom(a[ (I > %)

6. We should again distinguish the following cases:

e O é =0ANBr=0
Using the fact that evaluation is deterministic we can show that vy = v41. Then, using eq. (C3|),
eq. (D4)) and lemma (17| we derive that

(Uia Ve, Ut, (0-37 Gé) 527 m_jl)) € V[[SOTQ]]

o oy DV Py #0)
From eq. (E3|) using lemma [15| we derive that

— =

(v, ves ves (03T 0D, o[ = 0)], B2 ® (s ), m = i) € V]pm]

A;@;Fl—?/e:Tc—ﬂ—e—‘ Veel A;®FI(z)C ()" AdEKR=(e=S70: &)
° nochange
A;®: T, T F e : 7P < drop(conv(Te?, 7, 7))

We pick arbitrary j; < m, v;, of 3% 0, o/ 3E2 0., B’ > B such that
Oi(e1 e2) 4 vis Ji (1)
dom(f3’) \ dom(3) C dom(o7}) \ dom(o;) A dom’(/3') \ dom’(3) C dom(c?.) \ dom(o,) (2)
Using lemma [15 we can show that
(6:, Oc, 01, (0, o0, B, m)) € GLoT; I
By the definition of G[J-] we can derive that
(0, Oc, Or, (07, oc, B, m)) € GloI

Using lemma [26] we obtain
(Hia 607 eta (0—7/;7 ®7 Q)a m)) S g[[apfﬂ

We instantiate the inductive hypothesis with the above and we derive
(Bie, bee, 6,7¢7, (o}, 0, 0, m)) € E[er]™

We instantiate the above statement with j;, v;, of, 0, § and eq. and we obtain v, je, v, 0y, D, c, J},
B¢, ¢ such that:
Oee I ve, Je (Al)
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0, ol UE oy, or, D, c (A2)

D, 0, oy, (/)WJ}, By, (A3)
oy (A1)
dom(S¢) \ dom()) C dom(cs) \ dom(a;) A dom'(By) \ dom(P) C dom(a}) \ dom(c?) (A5)
and
(’UZ‘, Ve, 'Uz{,? (O'f, O';c, ,Bf, m—]z)) € V[[T]] (AG)

From eq. (A3)) and the definition of change propagation we can derive that o =0, 3y = 0 and ¢’ = 0. We
instantiate lemma 23| with eq. (A2) and eq. (A6) and obtain v; such that

conv (e, T, TiD), o Rz vy, of, D, ¢+ costeony(T, TLD) (B1)

and
vﬁ? (U’i7 vCa Ué? (Ufa Uéa /37 m_jl)) € V[[TLDII (B2)
We can now show the goals:

1. It follows immediately from eq. (Al)).

. Using eq. (B1)) we can show

[\

drop(conv("e”, 7, 7'7)), o} " vj, 0y, @, ¢+ costeony(r, 7'0) + 1
3. We can easily show, using the definition of change propagation, that
g, O-éa af, B/WUé, 5/7 0

4. Tt is trivially true since dom(’) \ dom(8’) = () and dom/(5") \ dom/(3") = ()

5. We can instantiate eq. (B2)) with 5 and obtain

(03, Ve, vf, (o, 0f, B, m—ji)) € V[r*T]
A; T, f: (1 RN )z e m s el Veel A;® =T (z)CI(z)"
[ ]

A0 T, T HO fix f(z).e: (1 ), ) < fix f(x). e’

fix2

We pick arbitrary j; < m, v;, of 3% 04, o/ 352 0., B’ > j such that
0:(fix f(z).e) ¥ vi, ji

dom(A3') \ dom(3) C dom(c?) \ dom(c;)
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and
dom’ (') \ dom’(3) C dom(c.) \ dom(c,)

By inversion of the evaluation relation we derive that j; = 0 and v; = 6;(fix f(z).e)

The goals are proved as follows:

1. We can easily derive that

Oc.(fix f(z).e) | O.(fix f(x).e), O

2. Similarly, we can show
0:(fix f(z).e), ol $51 y(fix f(z).7eT), o}, @, 0
3. By the definition of the change propagation algorithm we can easily obtain that:
@, o, o, f~aol, 3,0

4. Tt is obvious that 0 <0
5. It is trivially true since dom(3’) \ dom(") = @) and dom’(3’) \ dom’(8’') = 0

6. Finally, we need to show
(0:(£ix f(z).¢), Ou(Eix f(2).¢), Ou(fix f(z).TeT), (o) o B, m)) € V[(on L2 )T

Or, equivalently

(O:(£ix f(2).€), Ou(Eix f(z).€), Ou(tix f(z).Te), (o) O, 0, m)) € Valprn 22 om]

From the hypotheses we know that
(91'; 96, eta (0-7;7 Oc, 5/7 m)) € g[[gof]]

Using lemma [26] we obtain
(07;7 007 Hta (0i7 Oc, (07 m)) S gIIQDFﬂ

We can now show the goal by case analysis on § and induction on m. The proof is similar to the one
of fix1 rule.
Ay BT HL ey 7t s T A; ;T H2 eg i 1ist [n]® 7 Mey™? A® = K=K+ Ko

¢ ~ consl
A; DT HEepieg:list [n 4 1] 7 < inl Tep i Mep”

By the induction hypothesis applied on the premises we get:

(01'61, 9061’ etl—eljv (Uia Oc, ﬁv m)) S g[[SOTiD]]SOHI (A)
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(Bie2, O.e2, 6:7ex7, (04, oc, B, m)) € E[List [pn]?* p7]¥"™
We pick arbitrary j; < m, v, o 3% oy, 0. 322 5., ' > B such that
Oi(e1 : ea) v, ji

dom(/') \ dom(3) C dom(0o?) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(c.) \ dom(c,)

By inversion of the evaluation relation we derive the following:
ier I vi, ja
Oie2 I vsi, jo
eilz/vi][f/£ix f(@).€l] b vi, js
Ji =J1+ Jo
v =v; U

for some v;, vs;, j1 and js.

We instantiate eq. with j1 (note that j; < m), o/, 0%, B (note that o} %1 0, 0. 352 5., ' > B and the
preconditions for the bijection hold), and eq. and we obtain v, ji, v, o1, D1, 1, 0}, B1, ¢} such that:

Y
9661 ‘qu? Wil
L
0"e1, oy 47 vy, o1, D1,
/ / / /
Dl) 0., 01, B ~ 07, /61) 1

1 < pr1

dom(31) \ dom(’) C dom(cy) \ dom(o) A dom’(31) \ dom’(8") C dom(c) \ dom(c?,)

and

(vi, Ve, Vi, (01, 0}, B, m— 1)) € V[pr*H]

(A1)
(A2)
(A3)
(A4)

(A5)

(A6)

We now instantiate eq. with ja (note that jo < m) o1, of, B1 (note that oy 31 o, o) 282 0/, B1 > )

eq. (AG) and eq. (2), and we obtain vsc, j}, vss, 02, D2, 2, 0%, Ba, ch such that:
-/
9062 ‘U’ VScy J2
L
0i"ea, o1 U7 vsy, o2, D2, co
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D27 OJla 02, 51 ~ Jé: /827 0,2
0/2 < pK2
dom(32) \ dom(f31) C dom(o3) \ dom(cy) A dom’(B2) \ dom’(31) C dom(c%) \ dom(o})

and

(Usia VSc, VSt, (027 Uéa /827 m_j2)) € V[[liSt [@n]wa 307-]]

We can now show the goals:

1. From eq. and eq. we can derive that
fc(er 2 e2) I ve 1 wse, 1+ Jo
2. From eq. and eq. we can derive that
O;(inl Te; " Tex ), o) UFind vy i vsy, 09, D1+ Da, ¢ + ¢2
3. From eq. and eq. using lemma |13| and lemma [11| we can derive that
Dy + Da, o}, g3~ ', 03, fac) + ¢
4. From eq. , eq. we can derive that
¢y + ¢y < (k1 + k2)

5. From eq. and eq. we can derive that

dom(32) \ dom(/3") C dom(o2) \ dom(o}) A dom’(32) \ dom’(B") C dom(d?) \ dom(a?,)
6. We have to show that

(v; 1 V8;, Ve USe, inl vy i vsy, (09, 0h, Bo, m —ji)) € V[1list [pn + 1]7% ¢7]

It suffices to show that

(Uia Ve, Ut (0-2’ O-éa /627 m_]’L)) € V[[QOTLD]]

which we get by applying lemma [L5| to eq. (A6)), and
('USi, USc, VSt, <027 O—é’ 627 m_]l)) € V[[liSt [Spn]wa SOT]]

which we get by applying lemma [15] to eq.
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A; ;T e e list [n]* 7 — Ml A;d AR = O;Fl—fl e1: 7 < Tep”
Avizu®An=i+ LT, h: 70t 1ist[i]® 7H e : 7/ < TeyT)
A,z’::L,B::L;@Anii+1Aaiﬁ+1;F,h:T,tl:list[i]ﬁTi—'j/eg:T’C—ﬂ_eg—'r
ANOER=ke + K +(e=C)?21:0

caseL
casep, "e! of
A;®;T FF casep € of nil — e | cons(h,tl) — ex:7 < | nil — Tey”!
| cons(s,tl) — case(s,h.Tea ", h.Texy)
By the induction hypothesis applied on the first premise :
(0:e, Oce, 6,77, (04, oc, B, m)) € E[List [pn]?" pr]?"e (A)

Let dom(3) C dom(c;) and dom'(3) C dom(c.). We pick arbitrary j; < m, v, of 2%t oy, of. 282 6., B/ > B
such that

0;(caser e, of nil — e | cons(h,tl) — e2) | vi, Ji
dom(/') \ dom(3) C dom(o?) \ dom(o;)

and
dom’ (') \ dom’(3) C dom(o.) \ dom(c,)

We invert the evaluation relation and we have the following cases:

» case-nil

eie ll []) jl (1)
Bier | vi, Jo (2)
Ji=n+i+1

We instantiate eq. with j1 (note that j; < m), o, 0%, 8 (note that o} 3Lt oy, o/, 312 0., B > 3,
and the preconditions for the bijection hold), and eq. and we obtain v., j1, v}, o1, D1, ¢1, 0}, b1, ¢}
such that:

feer I vg, Ji (A1)

0:"er”, oi V1 ), o1, Dy, ¢ (A2)

Dy, og, o1, f ~ 01, B1, ¢ (A3)

¢ < ke (Ad)

dom(31) \ dom(’) C dom(cy) \ dom(o}) A dom'(31) \ dom’(5") C dom(o}) \ dom(a?,) (A5)
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and

([]7 Ué7 Uz/tv (01’ 0/1’ B, m_.jl)) € V[[liSt [(pn]wa QDTH

From the last statement we derive that v, =[], v; =[], n = 0 and pa = 0. Consequently, we can derive

that = o(® An = 0). We instantiate the inductive hypothesis for the second premise with the above and

we an derive
(bie1, Ocer, O:7er”, (04, o¢, B, m)) € E[pr]¥™

(B)

We now instantiate eq. (B) with ja (note that jo < m) o1, o}, B1 (note that oy It of, o) 312 o)),

eq. (A5), and eq. and we obtain ve, jb, v, o2, Da, c2, 0%, B2, ¢ such that:

Ocex | v, ]é

0,"ex”, o1 I vy, 03, Dy, oo
Dsy, 0y, 02, 1~ 03, P2, ¢
0'2 < gDK,,
dom(32) \ dom(/31) C dom(o2) \ dom(cp) A dom’(2) \ dom’(31) C dom(c%) \ dom(o})

and

(Uia Ve, Vt, (027 Uéa 627 m_j2)) € V[[QOT/]]

We can now show the goals:

1. From eq. (A1) and eq. (B1)) we can derive that
O.(caser e of nil — e | cons(h,tl) — e2) | ve, j + 75+ 1

2. From eq. (A2) and eq. (B2|) we can derive that

Oi(caser, e of nil — Te; | cons(s,tl) — ...), o]
Y
v, 02, D1+ Da, c1+co+1

3. From eq. (A3)) and eq. (B3) using lemma [13| and lemma [11{ we can derive that
Dl + DQ, O-(,;a 02, 6, ~ Uéa BQ, Cll =+ 6,2

4. From eq. (A5)) and eq. (B5]) we can derive that

dom(32) \ dom(3") C dom(oz) \ dom(c) A dom’(32) \ dom’(B") C dom(c?) \ dom(a?,)
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5. From eq. and lemma |15| we derive that
(Uia Ve, Ut, (027 Gé) 527 m_]l)) € V[[SOT,]]

p» case-cons

O;e || vg S, 1 (1)
O;[h — v, tl — vsilea § vs, Jo (2)
Ji=n+i+1

We instantiate eq. with j; (note that j; < m), o}, o, B’ (note that o/ 2% oy, 0. 22 0., B > B,
and the preconditions for the bijection hold), and eq. and we obtain v/, ji, v/, o1, D1, c1, of, b1, ¢}
such that

fcer I v, g (A1)
0 "er”, oi Wl o1, Dy, (A2)
Dy, o, a1, '~ a1, i, ¢ (A3)
c'1 < PKe (A4)
dom(31) \ dom(’) C dom(cy) \ dom(o}) A dom'(31) \ dom’(5) C dom(o}) \ dom(a?,) (A5)
and
(vi 2 vsg, vl vy (o1, of, B1, m— 1)) € V[1list [pn]? 7] (A6)

From the last statement we derive that ¢n = n’ 4+ 1 for some integer n’ and v, = v, :: vs. for some v/,

vs.. We have the following two cases:

vy =1inl v} :: vsy

From eq. (A6]) we derive
(U;a Uév ’Uzlfv (017 Uiv Bl’ m_jl)) € V[[SDTLD]] (A71)

(vsi, vse, v8y, (01, o1, B1, m—j1)) € V[list [n’]‘pa oT] (A7.2)

We can also show that = ¢[i — n/][(® An =i+1). Using eq. (A7.1)) and eq. (A7.2) we can show that

(Oi[h — v, tl = vs;], Oclh = VLt vs.], Oi[h — v, tl— vsy], (01, o1, B, m—j1))

€ Gloli = 010, h - @li v 0/]7* 8t - @i v n')(1ist [1]® 7)]

We instantiate the inductive hypothesis with the above statements and using lemma [T5] we derive the
following
(€2, Ocea, O ex™y, (o1, of, B, m—j1 — 1)) € E[List [n]¥Y pr]? (B)
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(Note that the premises force that i does not appear free in ') We now instantiate eq. with ja
(note that jo < m — j; — 1) o1, 0}, B1 (note that oy ¥ of, o T2 0!, eq. , and eq. (A6) and we

obtain v, jb, v¢, o2, Da, ¢a, 0, B2, ¢4 such that:

Oc[h — v, tl — vscles | ve, b (B1)
O:[h — vl tl — vs|Tex, o1 VE vy, 09, Do, e (B2)
Ds, 01, 02, B1 ~ 03, P2, ¢ (B3)
c'2 < <pf£’ (B4)
dom(fB2) \ dom(f31) C dom(o3) \ dom(o1) A dom'(32) \ dom’ (1) C dom(c%) \ dom(c}) (B5)
and
(i, Ve, Vi, (02, 0%, Bay m—j1 —jo— 1)) € V][e7'] (B6)

We can now show the goals:

1. From eq. (Al)) and eq. (B1) we can derive that

f.(caser e of nil — e; | cons(h,tl) — e3) I ve, 31 + 75 +1

2. From eq. (A2)) and eq. (B2) we can derive that

Oi(caser, e of nil — Te; | cons(s,tl) — ...), o]

Y
v, 02, D1+ Da, c1+ca+2
3. From eq. and eq. using lemma (11| and lemma [13| we can derive that
Dy + Dy, 0, 03, '~ 0y, Pa, ¢) + 6
4. From eq. and eq. we can derive that
)+ cy < p(ke + K)
5. From eq. and eq. we can derive that
dom(32) \ dom(’) C dom(c2) \ dom(o}) A dom'(32) \ dom’(5") C dom(o?) \ dom(a?,)

6. Finally, using eq. we derive that

(vi7 Ve, Uty (027 Uéa 527 m_jl)) € V[[(pTI]]
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v; = inr v Vs

From eq. (A6) we derive

(U;a Ué) ’Uga (017 O.ia Bl? m_]l)) € V[[SDT]]

(U8i7 VSc, VSt, (017 0-17 ﬁlv m_jl)) S V[[llst [n/]tp(a—l) SOT]]

and
oa >0

or equivalently

pa=m'+1

for some integer m’. We can also show that
Eoplimn,B=m](®An=i+1Aa=LF+1)

The rest of the proof is now similar to the one of the previous case.
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